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PEEPAOE. 



The wTitei of the present work believe* that ill petBona will agree in 
allowiog that the ends, which ought to be kept ia view in tesching any 
branch of Science, ue these: — let. That Priaciples be well midentood; 
2nd, That OefljDilioDS of tennf be known ; Srd, That Rules foe Ibe appli- 
cation of Ibe Principles to Practice be learnt; Ml, That neat methods of 
vorking be adoptcil ; litb, Tliat a facility in eipreising by writing the 
Prindples, and the lea&oiiiiii; by which the Hules are established, be 
acquired, lite firri is oecebsuiy, because no Science can be s^d to be 
taugAt, unless a knowtedgc and compiebension of Principles be secured : 
the iteond is ni^cesiary, hecau<ie, if definitionB are not known, all reasoning 
on the inljeat will be as it xvcre e^tpressed in an unknown language : the 
third ia required, because the main object oF all Science is Practical KtUity, 
and it cannot bo expected that on all occasions printed Rules can be before 
the eye: the fimrth is desirable, if not necessai?, in the same degree as a 
neal method of writing ia so : the jf/iA will appear an clgect of great im- 
portanee, if it be conudered that ibe best method of testing a penon's 
knowledge of a subject is by requiring him to write his ideas apon it ; if 
be understand it, be will have no difficulty in expressing himself correctly ; 
but if he do not, be will certainly sbew the fact by bis defective reasoning. 

Now Definitions and Rules can only be learnt accuialely from books, 
because tbey require to be expressed in precise terms in order to fix tbem- 
selves in the memory ; nest metbods of working loo must he shewn to the 
eyei but Principles cannot be leamt thoronghly from a book, without era/ 
explanations, those contsined in a book being necellarily cqncise, and 
such as tbemselTes require elucidation and illustration : on the other hand, 
it is Ibimd (hat Prindples may very well be taught, by a competent teacher, 
wilboot a book, by repeated oral explanatiana, by illnstiations, and by 
continual intem^tions put to the learner in every variety of form. And 
that tbis is by far the better method of teaching will appear on these 
grounds, because it may be thereby ensured that no advancais made from 
oue step to another withoot every previous step Iwing understood, and 
because a fuliei eiplanatiDn is made compulsary on the part of the teacher, 
than he would lie inclined to give, if any part could be supplied by a book, 
and because young pupils are very apt to overiook all the explanatory 
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portion of a book, being anxious for the most part to come as quickly, as 
may be, to the actual work of the subject, which is always more attractive, 
and generally /Miy« be^t in a school. For these reasons it appears that oral 
teaching is preferable;, nor will it occupy any longer time of the teacher, 
for teaching by book must be accompanied by oral teaching to be ^ anp 
use, and this must be full and complete to be effective ; if it be not full, 
the teacher will find that he will have to do his work over and over again, 
and that his pupils will make but slow and imperfect progress. And 
further, in a laige school where many are taught in a claas, it fireqnently 
happens that it is assumed that all understand a Principle, which one can 
explain according to a book, which all have given them to study, whereas 
the assumption ought certainly to be, that no one understanda anything at 
all about it 

Prom what has preceded, it will have been seen that, in the opinion of 
the writer, the best mode of teaching any science in a school is by orally 
explaining, illustrating, and questioning upon, the principles ; by supplying 

m 

definitions and rules to be learnt by heart ; by placing before the pupils 
neat methods of setting down their work ; and by requiring them to ez- 
plain the reasons of the processes viv& voce and by writing. 

The first portion of the present work contains the Rules and Definitions 
of Arithmetic, with examples of processes worked out in full, and in the 
precise form in which they ought to be shewn to a Master. The second 
portion of the work contains the Principles, exhibited in PropoMong, 
as spedmens of the form in which the pupil should give written explana- 
tions of processes. The former of these portions is all that is required in 
elementary classes, the second will furnish a useful exercise for more ad- 
vanced pupils, and will serve as a good introduction to the ^'book- 
work " of Algebra, and containing, as it does, a gradual and complete ex- 
planation of principles, will be found to be an important assistant both to 
the student and to the teacher. 

The writer has found, that in most works on Arithmetic the Rules and 
Definitions are spread over many pages of explanation, and in many 
instances not distinctly or connectedly given, so that the pupil has to 
spend time in seeking for them, and in connecting them. He has there- 
fore exhibited every Rule and Definition distinctly and connectedly, in 
such a form as may be easily committed to memory ; and it is hoped that 
the two portions of the work will be found to contain all that is necessary 
for imparting an accurate knowledge of both the Practice and Principles 
of Arithmetic in the hands of a competent instructor. 

It is intended, if circumstances permit, to publish, on the same plan. 
The Practice and Theory of Algebra. 

February 25, 1853. W. F. O. 
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THE MEANINGS OF THE SIGNS USED IN THIS WORK. 



-f plu^t between two nnmbers or expressionB, shews that they are to be 
added. 

— tnintUf between two numbers or expressions, shews that the latter is to 
be subtracted from the former. 

X *n^t between two numbers or expressions^ shews that they are to be 
multiplied together. 

-7* divided hy, between two numbers or expressions, shews that the former 
is to be divided by the latter. 

1/ the root off shews that a root of the number standing under it is to be 
found. 

= ii equal to, shews that the expressions between which it stands are 
equal. . 

4 >■ ( ), brackets, shew that all quantities placed between them are to 
be considered as forming one quantity, 

.*. means iher^ore. 

*.* means because, 

> is greater than, shews that the former of two expressions Is greater than 
the latter. 

<^ £9 lest than, shews that the former of two expressions is less than the 
latter. 

G.C.M. stands for greatest common measure. 

L.C.K. stands for least common multiple, 

L.C.D. stands for least common denominator. 

oc stands for varies as. 
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PART I. 

I. NOTATION AND NUMERATION. 

D^, 1. Number is that which expresses how many articles there are in 
a collection. 

D^, 2. If we merely speak of the number of articles, without any re- 
ference to the articles themselves, the number is called an abstract number. 

D^, 3. If we not only specify the number, but the nature of the articles, 
the expression used is called a concrete number. 

Def. 4. Numeration is the method of expressing different degrees of 
number by distinct names. 

Drf. 5, Notation is the method of representing different degrees of 
number by distinct signs, or figures. 

D^. 6. A single article of any kind is called a unit of that kind. 

Def. 7. The unit is expressed by the number one, and is called the unit 
of magnitude, or the unit of repetition, the concrete or abstract unit, accord- 
ing as we connect or not, the article with the number of times it is repeated. 
Thus, one inch, one foot, one yard, are severally units of magnitude, 
with which other lengths may be compared. But the number one, which 
merely expresses how often the inch, foot, or yard, is repeated in the unit, 
is called the unit of repetition, or the abstract unit 

Z)<f. 8. If to one article there be added another, the number of articles 
is called two : and three, four, five, six, seven, eight, nine, ten, express the 
numbers in collections differing successively by one. 

D^, 9. If from a single article there be taken itself, the number re- 
maining (or rather the absence of number) is expressed by the word naught 
or zero. 

Def, JO. The numbers naught or zero, one, &c. up to nine, are repre- 
sented by the symbols, or figures, 0, 1, 2, 3, 4, ^, 6, 7, 8, 9. The first of 
these is called a cipher; the others have the same names as the numbers 
which they represent 

Def. 11. These figures are also called digits. 

D^. 12* Numbers from ten, differing by one, are named as follows :^ 



Twelve 




.... VDU auu vuc 

. . . . . ten and two. 


Thirteen 


• >» 


ten and three. 


Fourteen 


1* •• 


.... ten and four. 


Fifteen 


>» • 


..«.. ten and five. 


Sixteen ...... 


»» 


ten and six. 


Seventeen .... 


»» • 


ten and seven. 

B 
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Kigliteen equal to ten and eight. 



Nineteen 


If 


ten and nine. 


Twenty 


>9 


ten and ten. 


Twenty-one.... 


ft 


twenty and one. 


Twenty-two.... 


»» 


twenty and two. 


&C. 




&c. 


Thirty 


M 


twenty and ten. 


Forty 


»t 


thirty and ten. 


Fifty 


W 


forty and ten. 


Sixty 


tt 


fifty and ten. 


Seventy 


>} 


sixty and ten. 


Eighty 


» 


serenty and ten. 


Ninety 


ft 


eighty and ten. 


One hundred .. 


$» 


ninety and ten. 



Dtf, 13. Numbers from one hundred to two hundred, are named by 
joining those from one up to one hundred to the number one hundred. 
Those from two to three hundred ; from three to four hundred; from four 
to five hundred, &c. are named in the same way, as far as ten hundred. 
As three hundred and eighty-four. 

Def. 14. Ten hundred is also called a thousand. 

D^. 15. Numbers from one thousand to two thousand are named by 
joining to the number one thousand those f^om one to one thousand. In 
the same way numbers from two to three thousand ; from three to four 
thousand, &c. as far as one thousand thousand are named. Thus one hun- 
dred and sixty-three thousand nine hundred and fifty-two. 

JD^. 16. One thousand thousand is called a million. 

Def, 17. Numbers firom one million to two millions are named by join- 
ing to the number one million, the numbers from one as far as one million. 
In the same way numbers from two to three millions, from three to four, 
&c. as far as one million millions are named. 

D^. 18. One million millions is called a billion. 

Drf. 19. One million billions is called a trillion. 

Z><^. 20. One million trillions is« quadrillion ; and quintillion, sexillion, 
septillion, octillion, nonillion, are names given to one million quadrillions, 
&c. 

D^, 21. The figures 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, which alone cannot repre- 
sent more than the number nine, are by a certain agreement made to repre- 
sent numbers however large, several of them being used at once. 

Drf, 22. The agreement is that each of these figures shall have, besides 
its own primary value, another value, depending on the place it occupies, 
such that, with every increase of its distance from the first figure on the right 
hand, its value is increased ten fold. Thus the 1st figure on the right re- 
presents so many single things or units ; the 2nd figure ten times as many 
as it would represent if it stood in the first place, or alone, i. e, denotes so 
many collections of tens ; the 3rd figure denotes as many collections of 
hundreds, &c. &c. as shewn in the subjoined 
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Obs, The pupil should he required to learn this tahle as far as billions 
by heart, so as to be able to assign immediately the proper place to a num- 
ber of given denomination, and vice vend, TJns may be readily acquired 
by learning the names of the first six places, as the others are merely a 
repetition of these with the addition of millions, billions, &c. Dividing 
then the figures into periods of six, it is readily seen that, as thousands is 
the name of the 4th place in the 1st period, thousands of millions is that of 
the 4th place in the 2nd period, or of the (4-|^) th, or 10th place : thou- 
sands of billions that of the 4th in the 3rd period, or of the 16th place, &c. 

/. TO WRITE IN FIGURES A GIVEN NUMBER. 

Rule, Write a series of dots, in a line, in groups of six ; under each, be- 
ginning from the right, place the number of siilgle units, tens, &c which 
occur in the number, taking care when any denomination of figures is 
wanting to write a cipher in its place. 

//. TO READ THE NUMBER REPRESENTED BY A SERIES OF FIGURES. 

Rtde. Divide the figures into periods of six ; by which means the high- 
est denomination is readily found; read each period, beginning on the left 
hand, as though it were the first on the right, adding the proper denom- 
ination of the period. 

Examples. 

1. Write in figures the number : — eight hundred and forty thousand and 
ninety-one millions, three hundred and two thousands, and fifty-nine. 

Here the highest denomination being hundreds of thousands of millions, 
I want J 2 figures. I write the number therefore thus : — 



840091,302059. 
2. Write in words the number 1,000101,010010. 
Afu, One billion, one hundred and one million, ten thousand and ten. 
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U. SIMPLE ADDITION. 

Dtf> Addition is the operation by which we find the number of things 
in a collection, formed by placing several coUectioDs together, the nombers 
in each being known. 

TO ADD SEVERAL NUMBERS TOGETHER. 

Rvle — 1. Place the numbers under one another, units under units, tens 
under tens, &c. 

2. Add together the units in all the numbers, and if the sum be greater 
than 10, divide it into tens and units. 

3. Write down the units of this sum, under the other units, and cany 
(in your memory) the number of tens. 

4. Now add the numbers in the tens' column, taking in the number 
carried from the units. 

5. Divide this sum into hundreds and tens ; write down the number of 
tens, and carry the number of hundreds to the column of hundreds, which 
is now to be added. 

6. Proceed in this manner through aU the columns, always dividing the 

sum of any column into parts, when it is greater than ten, till you come to 

the last column, whose sum must be written down to the left of the other 

%ttres. 

Example. 

Add together the numbers, 41068, 280934, 3008007, 410608, 209, 90183, 

708. 

41068 

280934 

S008007 

410608 

209 

90183 

708 



3831717 Am. 



III. SIMPLE SUBTRACTION. 

Dtf. Subtraction is the operation by which we find what number is left, 
when from one given number we have taken another : — or, what number 
must be added to the less of two given numbers, that it may be equal to the 
greater. 

TO SUBTRACT ONE NUMBER FROM ANOTHER. 

jRu/e — 1. Write the number to be subtracted, or the subtrahend, under 
that from which it is to be taken, or the diminuend, placing units under 
units, tens under tens, &c. 

2. Subtract each figure in the lower line, beginning with the units, from 
that above it, if possible. 
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3. If the upper figure be less than the lower, increase it by ten, and then 
subtract the lower. 

4. Whenever this is done, increase the next figure in the lower line by 1, 
before subtracting it from the upper figure. 

5. Proceed in this manner, till all the figures in the lower line are sub- 
tracted, when, if there still remain figures in the upper line, supply (in 
your mind) ciphers to the lower, and proceed as before* If the last figure 
on the left would be a cipher, omit it 

Examples. 

I. Subtract 87786 firom 58998. 

58998 

37786 



21212 Jns. 



Subtract 254310 from 821095. 

821095 
254310 



66785 Jns. 

3. Subtract 673 firom 549381. 

549381 
673 



548708 ^ns. 



IV. SIMPLE MULTIPLICATION. 

Dtf. Multiplication is the operation by which, in a shorter manner than 
by addition, we find the sum of several, the same numbers, which sum is 
called the product The number which is repeated is called the mul- 
tiplicand; that which expresses how often the number is repeated, is the 
multiplier. 

/. TO MULTIPLY TOGETHER TWO NUMBERS LESS THAN TWELVE. 

Rule, The products of all such numbers are to be found in the Multi- 
plication Table. 

//. TO MULTIPLY A NUMBER GREATER THAN TWELVE, BY ONE 

LESS THAN TWELVE. 

Eule^-^l, Write the multiplier under the units' figuro of the multiplicand, 
and multiply this figure by it 

2* Write down the units' figure of the product under the units, and carry 
(in your memory) the tens. 

3. Multiply the tens' figure in the same way, and add to the product 
the number of tens carried. 

4. Write down the tens' figure of the sum under the tens, and carry the 

number of hundreds. 

B 2 
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5. Proceed in this way, till the last figure of the multipUcand has heeb 
multiplied ; then set down the whole of this last product 

III. TO MULTIPLY BT 10, 100, 1000, &C. 

BmU, Annex to the right of the multiplicand, as many oiphOTs as there 
are in the multiplier. 

IV. TO MULTIPLY BY ANY NUMBER GREATER THAN TWELVE. 

Att^e— 1. Write the multiplier under the multiplicand, units under units, 
&c. 

2. Multiply by each figure in the multiplier, setting down the first figure 
obtained in each product under the figure in the multiplier, from which it 
has been obtained. 

3. Add together the several products, column by column. 

4. If a cipher appear among the figures of the multiplier, write down 
only one cipher of die product under it, and proceed with the next figure. 

5. If the multiplier is composed by the product of several numbers, 
multiply by any one of these first; then the product so found by another; 
this product by a third, and so on. 

Examples. 
Multiply 808072418 by 7, 1000, 5068, and 98. 

(1) 808072418 

7 



5656506926 


Ana. 


\) 808072418 
1000 




808072418000 


Am. 


808072418 
5068 




6464579344 
4848434508 
40403620900 




4095311014424 


Am. 


808072418 
7 


98=2X7X7 


5656506926 
7 




39595548432 
2 




79191096964 


Ana. 
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V. SIMPLE DIVISION. 

Bef, Division is the operation by which we find how often one number 
is contained in another ; or into how numy parts of a fixed magnitude a 
given quantity can be divided; or by what number we must multiply the 
less of two numbers to produce the greater. 

TO DIVIDE ONE NUMBER BY ANOTHER. 

72«/e— 1. Write the divisor and the dividend in one line, and place a 
curved line on each side of the dividend. 

2. Take from the left hand of the dividend the least number of figures, 
which make up a number not less than the divisor. 

3. See how many times the divisor is contained in this number, and 
write the quotient on the right of the dividend, as the first figure of the 
whole quotient 

4. Multiply the divisor by this figure, and subtract the product from Uie 
number, which was taken off at the left 

5. On the right of the remainder, place the next figure of the dividend, 
and if the remainder so increased be greater than the divisor, divide it, and 
place the quotient to the right of the first figure found. 

6. But if the remainder be still less than the divisor, bring down the next 
figure, or figures of the dividend to the right of the remainder, till you have 
a number greater than the divisor : bat take care to place a in the quo- 
tient for every figure brought down except the first Divide now as before. 

7. Continue this process, till all the figures of the dividend are ex- 
hausted. 

8* If the divisor be not greater than 12, each figure Qf the quotient may 
be set down under the figure of the dividend from which it has been ob- 
tained, the subtractions being performed in the mind, and the several divi- 
dends being formed by prefixing the remainder from one division to the 
next figure of the dividend. 

9. If the divisor be composed by the product of several numbers, divide 
by any one of them first ; then the quotient thus obtained by a second ; this 
quotient by a third, and so on. To form the final remainder, multi{dy the 
remainder from each division by the product of all the previous divisors ; 
add the products and the remainder from the first division. 

10. If the dividend consist of the product of several factors, the quotient 
may be obtained by dividing one factor, or the product of any number of 
factors, by the divisor, and multiplying the quotient by the rest 

11. If the divisor have ciphers at the end, cut off by a comma from the 
dividend as many figures as tiiere are ciphers at the end of the divisor; and 
cut off the ciphers from the divisor ; divide the remaining figures of the 
dividend by those of the divisor. To the remainder affix the figures, which 
were cat off from the dividend. 



8 ARITHMETICAL BULBS AND EXAMPLfiS. 

£xAMPLBt. 

). Divide 97645899 by 3275. 

3275)9764,5899(29815 
6550 • • • • 



32145 
29475 

26708 
26200 



5089 
3275 

18149 
16375 

Ans. 29815. Rem. 1774. 1774 Rem, 

2. Divide 678936 by 11. 

11)573936 

52176 Ans. 



3. Dinde 608410638 by 384. 

12)608410638 384=:12X8X4 

8)50700886 — 6 Rem. 
4)6337610 — 6 Rem. 
QuoHeni 1584402. 1584402 — 2 Rem. Rem. 2X8Xl246xl246b:270 

4. Divide the product of 36, 17, and 100 by 25. 

Quotient of 100 -f- by 25=4 
.-. whole quotient =4X17X36 

=244S 

5. Dinde 3704588 by 23400. 

234,00)37046,83(158 
234 

1364 
1170 

1945 
1872 

Ana. 168. Rem. 7383. 73 
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QUESTIONS IN THE FOUR SIMPLE RULES. 

1. Of three bars of iron, one weighs 187 Ihs. another 58 lbs. and the third 
163 lbs., required the weight of them altogether. 

Ist bar weighs 137 lbs. 

2nd ditto 58 lbs. 

Srdditto 163lbs. 

Whole weight. • . • 858 lbs. Jns, 

2. A person bought 3008 yards of silk, and sold to one person 1700 yards, 
and to another 856 yards, how many yards has he left? 

Tardsbought 3008 

Yards sold to one .... 1700 
Yards sold to another 856 

Yards sold altogether. . 2556 

Yards remaining 452 Ans, 

3. A person began business with £2000 ; he cleared every year for 21 
years £450, how much was he worth at the end of that time t 

Yearly gain £450 

21 

450 
900 

Whole gain £9450 

First capital £2000 

Last capital £11450 Ans. 

4. A person's income is £9125 yearly, how much is that per day ? 

1 year = 365 days. 365)91 25(25 

. 730 



Ans. £25. 



1825 
1825 

• • * • 



VI. MEASURES. 



2)<f. 1. A measure of a number is another number which divides the 
first without remainder. 

i)<f. 2. A common measure of two or more numbers is a measure of all 
of them. 
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Def, 3. A prime number is one which has no measures but unity and 
itself. 

Ihf» 4. Numbers are prime to each other, when they hare no oom- 
mon measure, but unity. 

D^, 5. All other than prime numbers are called composite numbers; 
and prime numbers, which measure them, are called their prime factors. 

/. TO RESOLVE A NUMBER INTO ITS PRIME FACTORS. 

RviJU, Divide successively by any numbers which measure it, till the 
quotient is a prime number. The several divisors, if they are primes, or 
their prime factors, and the last quotient, are the prime fitctors required. 

06«. 1. £veiy even number is divisible by 2. 

Ob9, 2. Every number is divisible by 4, if the number composed of the 
last two digits be so divisible. 

Ohi, 3. Every number is divisible by 8, if the number composed of the 
last three digits be so divisible. 

Obi, 4. Every number ending with 1, 2, 8, or more ciphers, is divisible 
by 10, 100, 1000, &C. 

Ohi, 6. Every number ending with 5 is divisible by 5. 

Ohi, 6. A number is divisible by 3 or 9, if the sum of its digits be so 
divisible. 

Ohi, 7. A number is divisible by 11, if the difference of the sums of the 
digits in the odd and even places be so divisible. 

Example. 

Resolve 7920 into its prime factors* 

7920 = 10X792 
= 10X4X198 
= 10X4X2X99 
= 10X4X2X11X9 
= 2X2X2X2X8X3X5X5X11. 

//. TO FIND THE GREATEST COMMON MEASURE OF TWO OR MORE 

NUMBERS. 

Rule 1. Resolve, if possible, all the numbers into their prime factors; 
multiply together all the factors which are conmion to all the numbers ; the 
product is the greatest common measure. 

"RulU 2. Take any two of the numbers ; divide the greater by the less ; if 
there be a remainder, make this now the divisor, and the former divisor the 
dividend ; repeat this process, till there is no remainder. The last divisor 
is the G. C. M. of the two numbers. 

Go through the same process with this G. C. M. and another of the num- 
bers ; the G. C. M. of these will be the G. C. M. of the three. 

Repeat this process with each number in succession; the last G. C. M. 
found is the G. C. M. of the whole. 

Oht^ If any of the numbers be measures of any of the others, those 
which they measure may be omitted in the work. 



ARITHMETICAL RULES AND EXAMPLES. 11 

Examples. 

1. Find the 6. C. M. of 36, 48, 108, 120. 

36=2X2X3X3 : 4«=2x2X2X2X3 : 

108=2X2X3X3X3: 120=2X2X2X3X5 
.-. G. C. M. =:2X2X3t=12. 

2. Find the G. C. M. of 92050, 393974. 

92050)393974(4 
368200 



25774)92050(^ 
77322 



14728)25774(1 
14728 



11046)14728(1 
11046 



3682)11046(3 
11046 



.-. G.C. M. =3682. 



3. Find the G. C. M. of 9768, 11616, 12408. 

9768)11616(1 
9768 

1848)9768(5 
9240 

528)1848(3 
1584 

264)528(2 
528 

.-. G. C. M. of 9768, 11616=264. 



• • • 



264)12408(47 
1056 

1848 
1848 



.-. G. C. M. of 9768, 11616, and 12408 = 264. 
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VII. MULTIPLES. 

Def* 1. A multiple of a number is one which contains, or is divisible 
by, the first, an exact number of timesi 

Dif. 2. A common multiple of two or more numbers is a multiple of 
each of them ; and the least common multiple is the least of such multiples. 

TO FIND THE LEAST COMMON MULTIPLE OF TWO OR MORE NUMBERS. 

Rule 1. Resolve the numbers, if possible, into their prime fiMtors; 
write down all the different fiictors which appear, repeating each the great- 
est number of times, which it appears in any one of the numbers. The 
L. C. M. is the product of these factors. 

Rule 2. Take any two of the numbers, find their 6. C. M., divide one 
by it, and multiply the other by the quotient; the product is the L. C. M. 
of the two numbers. Repeat this process with this L. C. M. and a third 
number : the L. C. M. so found is the L. C. M. of the three. Go through 
the same process with each number in succession ; the L. C. M. last found 
is that required. 

Ob8, If any of the numbers be measures of any of the others, the mea- 
sures may be omitted in the calculation. 

Example. 

L Find the L. C. M. of 14, 18, 24, 35, 42, 68. 
Omitting 14 as measuring 42 ; we have 

18 24 85 42 68 

=3X3X2; =2X2X2X8; =7X5; =2X8X7; =2X2X17. 
.-. L. C. M. = 2X2X2X8X3X5X7X17 
= 360Xll9c=42840. 



Vin. FRACTIONS. 

Drf, 1. Numbers, which are formed by repetition of units, are called in- 
tegers, or whole numbers. 

Def» 2. Numbers, which are formed by repetition of equal parts of units, 
are called fractions. 

A fraction may be greater or less than an unit, according as the 
number of parts taken to form it be greater or less than the number of parts 
into which the unit is supposed to be divided. 

D^, 8. A fraction is represented by writing over a line the number of 
parts taken to form it, and under the line the number which shews into how 
many parts the unit is divided, or the denomination of the fractional part 
Thus Uie fraction formed by taking 6 parts of an unit, which is divided into 
7 parts, is represented by f ; that formed by taking 13 such parts, by ^. 
The former fraction, it is evident, is less than one unit ; the latter is greater. 

DefA . The figures above the line in a fraction are called the <* nume- 
rator," those below the line are called the "denominator." 
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D^, 5, If the numerator be less than the denominator, the fraction is a 
''proper fraction:" if greater, an "improper fraction." 

D^. 6. A number partly integral and partly fractional, as 2} is called a 
" mixed number/* 

Drfi 7. A fraction of a fraction is called a ** compound fraction." 

Def. 8. A " compound expression " is the name given to seyeral quan- 
tities connected by the different signs of operations. Those quantities 
which compose an expression by addition or subtraction are its ** terms;" 
those which compose an expression by multiplication are its "factors.** 

D^, 9. A " complex fraction " is one in which numerator and denomi- 
nator, one or both, are fractions, or fractional expressions. 

Dif. 10. A decimal fraction is one with the product of any number of 
tens for its denominator. 

Obs, Decimal fractions are called deeimaU to distinguish them from 
other fractions called vulgar fractions , or more commonly fractions. 
Whenever ajraction is spoken of, a vulgar fraction is intended. 

A, — Eeduction of Fractions. 

L TO REDUCE A FRACTION TO ITS LOWEST TERMS. 

Rtde 1. Resolve, if possible, numerator and denominator into their 
prime factors ; and divide by all the common factors. 

Rule 2. Divide numerator and denominator by all the common mea- 
sures, which they may have, in succession. 

RtUe 8. Divide numerator and denominator by their G. C. M. 

Rule 4. If the numerator and denominator be exhibited in the form of 
the product of several factors, divide any pair of factors in numerator and 
denominator by any common measure. When this is done, as far as pos- 
sible, multiply the remaining factors. 

N.B. This last case must be particularly noticed, as containing the 
principle of ** cancelling.'* 

Examples. 

1. Reduce to its lowest terms ^^. 

25 ^ 5X5 __ 1X1 1 

176 ""5X5X7^ 1X1X7"" 7* 

2. Reduce to its lowest terms f §|f . 

4746)5085(1 339)6085(15 

4746 339 

339)4746(14 1695 

339 1696 

1356 777 
1356 

.-. G. C. M. = 339. 

4746 4746^:-339 14 



5085 5085-r^39 15 
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3. Reduce to iti loweit tenni fii^. 

2SI0 28104-10 281 



4290 429(^-10 429 
281^11 21 



4291^11 39 
2I-r3 7 



4. Reduce to its lowest tenns 



Sd^^ 13 

7X11X24X16 



8X12X35X33 
7X11X24X16 _ 1X1X2X2^ 4 

8X12X35X83 ~ 1X1X5X3"" 16 

IL TO REDUCE AN IMPROPER FRACTION TO A MIXED NUMBER, 

OR AN INTEGER. 

Rule. Divide the numerator by the denominator; the quotient is the 
integer ; the remainder is the numerator, and the divisor is the denominator 
of the fraction, which must be expressed in its lowest terms. 

Or— Reduce the fraction to its lowest terms, and divide as before. 

Examples. 

1. Reduce ^ to a mixed number. 

57 3 1 

— *= 5»^ = 6— = 6—. 
9 ' 9 3 

2. Reduce ^9ft9^ to a mixed number. 



40086 307)40086(130 

= 4008^^507. 307 

307 

988 

40086 176 921 

.-. = 130 . 

307 307 176 

3. Reduce ^^ to a mixed number. 

72416. 9052 13)2263(174 

= 13 

416 52 — 

2263 96 

= = 2263-^.13. 91 

13 -r 

iZ 

72416 1 52 

= 174—. — 



416 13 ^ 

///. TO REDUCB AN INTEGER TO AN IMPROPER FRACTION WITH 

A GIVEN DENOMINATOR. 

Rale, Multiply the integer by the denominator ; the product is the 
numerator of the required fraction. 
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Example. 

Reduce 18 to an improper faction with denominators 3, 12. 

18X3 M 



18 = 



3 8 

18X12 216 

"" 12 "" 12 * 

ly. TO REDUCE FRACTIONS TO THEIR LEAST COMMON DENOMINATOR. 

Rule — 1. Find the L.C.M. of the denominators ; this will be the L.C.D. 
2. Multiply numerator and denominator of each fraction by the quotient 
of the L. C. D., divided by its denominator. 

Example. 
Reduce to their L. C. D. |, f, Hi if > A- 

L. C. D. = 3X3X7X11 = 693. 
4 4X77 808 



9 9X77 698 
5 5X99 495 

7 "" 7X99 "~ 69.3 
11 11X33 363 



21 21X33 693 
19 19X21 399 



33 33X21 693 
6 5X63 315 



11 11X63 693 

N.B. It is always better to let the factors of the L. C. D. appear, as 
then the several multipliers are readily found by casting out the factors of 
each denominator, and multiplying the rest 

B, — Addition of Fractions. 

I. TO ADD FRACTIONS. 

Rule — 1. Reduce the fractions to their L. C. D. 

2. Add the numerators for the numerator of the sum; which will have 
the L. C. D. for denominator. 

3. Reduce the result to its lowest terms. 

4. If any of the fractions be mixed numbers, add the integers separately. 

Examples. 
1. Add together i §, f, f, f . 

L. C. D = 2X2X3X5 =r 60. 

1 1X30 30 

2 "" 2X30 "" 60 
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2 2X20 40 



12 3 4 

.-.^ + -+7+7+- 

2 3 4 5 





3 


3X'20 


60 






S 


8X15 


45 






.— 




SI — 






4 


4X15 


60 






4 


4X12 


48 






•~- 


^^M 


zr — 






5 


5X12 


60 






5 


5X10 


50 






6 


6X10 


""60 




5 




30+10 1 4.5448+50 


6 




60 








213 


71 


11 






60 


20"" 


a—. 

20 



2. Add together 5f , 8ii, ^. 

L. C. D. = 7X2X2X2X8 = 168. 

6 6X24 144 

T" 7X24 "~ 168 
U 11X14 _ 154 

12 "" 12X14 ^ 168 
6 5X21 105 

8 ~" 8X21 "~ 168 

6 11 5 1444-1544105 
... 5^+8-+3-^ =6+8434 — 

7 12 8 168 

403 67 67 

= 16H = 1642 = 18 . 

168 168 168 

JL TO REDUCE A MIXED NUMBER, TO AN IMPROPER FRACTION. 

Rule. Multiply the integer by the denominator, add the numerator to 
the product. The sum is the numerator of the fraction, which has the 
same denominator as before. 

Examples. 

1. Reduce 3f to an improper fraction. 

5 __ 3X745 _ 26 

2. Reduce 89Hii to an improper fraction. 

1817 89X182441817 

89 = -- 

1824 1824 
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162336+1817 

1824 
164153 



1824 



C — Subtraction of Fractions, 

I. TO SUBTRACT ONE SIMPLE FRACTION FROM ANOTHER. 

Rule — 1. Reduce the fractions to their L. C. D. 

2. Subtract the numerator of the subtrahend from that of the diminuend. 

3. The difference is the numerator of remainder, and the L. C. D. the 
denominator. 

4. Reduce the result to its lowest terms. 

Example. 
Subtract f from ^. 

L. C. D. = 8X5 = 40. 
5 6X5 25 

8 ""8X5 ""40 
[9 9X4 36 

10 "~ 10X4~40' 

9 5 36-25 11 



10 8 40 40 

Or thus L. C. D.= 8X5 = 40. 
9 5 9X4—5X5 



10 8 40 

36-25 11 



40 40 

IJ. TO SUBTRACT ONE MIXED NUMBER FROM ANOTHER. 

Rule — 1. Reduce the fractions to their L. C. D. 

2. If the numerator of the fractional subtrahend be less than that of the 
diminuend, subtract integer and fraction separately. 

3. If the numerator of the subtrahend be greater than that of the 
diminuend, increase the latter by the C. D., and the integer of the subtra- 
hend by one, and proceed as before. 

Examples. 
I. Subtract 3^ from 7^ 

L. C. D. = 7X4 = 28. 

117 4 7 4 

...7 3- = 7 3-=7— 3H 

4 7 28 28 28 28 

3 

28 C2 
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2. Subtract 3| from 8^. 

L.C.D. = 7X8 = 56. 

1 7 8 49 

...8 3~= 8 8— 

7 8 66 56 

6^--49 

= 8—4+ 

66 

16 16 

'^ m" 66' 

HI. TO SUBTRACT SETERAL FRACTIONS FROM THE SUM OF SEVERAL 

OTHERS. 

Ruie—1. Add together those which are to be subtracted, and the others 
in two separate sums. 
2. Proceed to subtract by the prerious rule. 

Examples. 
1. Fmdthevalueof f — f + f — &. 

L. C. D. = 5X7X8 = 280. 
S 3X56 168 



6 5X56 280 
3 3X40 120 

7 "" 7X40 ~ 280 
6 5X35 176 



8 8X85 280 
7 7X28 196 



10 10X28 280 
3 8 5 9 (^ 5 \ (S 9\ 

6 7 8 10 U 8 ) 1 7 lO) 

(1684175) — (120+196) 

280 
343 — 316 



280 
27 



280 
2. Find the value of 7t — 8} — 8J + 9f + 8 - 15J. 

L. C. D. = 7X8X8 = 168. 
1 1X24 24 



7 7X24 168 
3 3X42 126 



4 4X42 168 
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7 7X21 147 



8 8X21 168 

5 5X28 140 

6 ^6X28*" 168 

1 1X84 84 

2 "" 2X84 "~ 168 

13 7 5 1 

...7 3 8_j.9_4.8 — 15— 

7 4 8 6 2 

{24+140^ ( 1264-1474841 
24 + l^J21+— 1 \ 
168 J I 168 j 

164 357 

= 24 21 

168 168 

164 21 

= 24 23 

168 168 

143 
~" 168* 
/). — Multiplication of a Fraction hy an integer^ 

Rule — 1. If the fraction be a mixed numbeTi reduce it to an improper 
fraction. 

2. Form a fraction, whose numerator is the product of the numerator 
and the multiplier; and the denominator that of the multiplicand. 

3. Cancel any factors common to numerator and denominator ; the 
resulting fraction is the product required. 

Examples. 

1. Multiply ^ by 9. 

23 23X9 23 2 

-X9 = =-.=7-. 

27 27 3 3 

2. Multiply if by 25. 

13 18X25 13X5 

— X25= z= 

S6 85 7 

65 2 

3. Multiply 2ii by 3, 

17 65 

2-X3 = — X3 

19 19 

166 18 
"~ 19 "^ 19* 



20 
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E. — Division of a Fraction hy an integer. 

Rule — 1. If the fraction be a mixed number, reduce it to an improper 
fraction. 

2. Form a fraction, whose numerator is the numerator of the dividend, 
and the denominator the product of the divisor and the denominator of the 
dividend. 

3. Cancel any factors common to numerator and denominator, the re- 
sulting fraction is the quotient required. 



1. Divide ^ by 7. 



Examples. 
14 14 

-•^^= — : 

16 15X7 

2 

"~15 



2. Divide ff by 14. 



35 
42 



4-14 = 



35 



3. Divide ISf by 12. 



S 



42X14 
5 

42X2 
5 

84 
55 



13— ~12 = — -i.12 
4 4 



55 

"~4X12 
66 7 

"" 48"*" 48 

F, — Reduction of a Compound Fraction to a Simple Fraction, 

Rule — 1. Form a fraction, whose numerator is the product of all the nu« 
mentors of the simple fractions, and whose denominator is the product of 
all the denominators. At first only indicate these products by writing the 
sign of multiplication between the factors. 

2. Cancel all £fictors common to numerator and denominator. 

3. Multiply all the remaining factors. The resulting fraction is that 
required. 

4. If any of the simple fractions be mixed numbers, they must be reduced 
to improper fractions before applying the Rule. 
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Examples. 
1. Reduce i of } of U of ^ to a simple fraction. 

7 8 11 9 7X8X11X9 
— of— of— of— = 

8 9 U 11 8X9X14X11 

ixixixi 1 



1X1X2X1 2 

2. Beduce 4} of | of 8| of if to a simple fraction. 

14 8239 443 28 

4— of— of 8— of — = — of— of— of — 

29 543295 43 

9X4X43X23 



2X9X 9X43 
_^ 1X2X1X23 

"" 1X1X5X1 

_^46^ 1 



G. — MulHplieation of Fractions, 

L TO MULTIPLY FRACTIONS TOGETHER. 

Rule — 1. Reduce mixed numbers, if there be any, to improper fractions. 

2. Form a finction, whose numerator is the product of all the numer- 
ators, and denominator the product of all the denominators ; at first indi- 
cating only the multiplication by the proper sign. 

3. Cancel all factors common to numerator and denominator. 

4. Multiply together all the remaining factors, the resulting fraction is 
the product required. 

Examples. 
1. Multiply together |, H, M, M- 

7 11 24 16 7X11X24X16 

— X — X— x-= 

8 12 35 33 8X12X35X33 

__ IX 1X2X2 

"" 1X1X5X3 

4 

""l5 
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2. Multiply together I0|, 20^, 25^. 

1 4 9 81 184 309 

10— X20— X25 — = — X— X — 
8 9 12 8 9 12 

81X184X309 



8 X 9 X 12 

9 X 23 X 103 

""iX 1 X4 

21321 1 

= =6380—. 

4 4 

//. TO MULTIPLY A SIMPLE OR COMPOUND FRACTIONAL EXPRESSION BY 
A SIMPLE FRACTION, OR BY ANOTHER COMPOUND EXPRESSION. 

Rule, Reduce each expression to a simple fraction, and then perform the 
multiplication. 

Examples. 
1. Multiply i - fei by 2|. 



.7 3^ 3 

1 8 10 / 4 



35 — 12 11 

X — 

40 4 

23 11 253 



40 4 160 

2. Simplify the expression (6i — 8} + f ) X (3 ^ — 2J + JJO 
(17 5 N f 7 1 11) 

is 8 9 ) UO 5 20J 
r 1 7 5) f 7 1 in 

I 3 8 9) ^ 10 5 20^ 
( 24 — 63 + 40) f 14 — 4+11) 

I 72 J ^ 20 J 

1 1 

= 3— X2— 

72 20 

217 41 8897 257 
""72 20"" 1440 "" 1440* 

H, — Division of Fractions. 

7. TO DIVIDE ONE FRACTION BY ANOTHER. 

Rule—l, Reduce mixed numbers, if any, to improper fractions. 

2. Invert the divisor, and multiply the dividend by the inverted fraction. 



ilEITHMSTICAL EULX8 AND SZAMFLE8. 23 







Examples. 


1. Divide H by H. 








23 


12 23 25 




• 


- — = — X — 




35 


25 35 13 
23X25 

35X13 
23X5 

7X13 
115 24 

91 94 


2. Divide 26| by 6t. 








4 


4 238 34 


< 


26—1 


.6- = ^- 




9 


5 9 5 
238 5 

~T 34 
238X5 

9X34 
7X5 

9X1 
85 8 

"■"fl"" 7' 



//. TO DIVIDE A SIMPLE OR COMPOUND PRACTIONAL EXPRESSION BY A 
SIMPLE FRACTIONi OR BY A COMPOUND EXPRESSION. 

RuU, Reduce each expression to a simple fraction, and then perform the 

division. 

Examples* 

1, Divide 7f + | — 4| by 4^—8?. 



/ 5 3 4^ f 1 B\ 



f 5 3 4\ (8 8^ 

( 360 + 189 ^ 224 ^ 5 

={8 + l-:-- 

^ 7X8X9 ) • 7 

( 325 ) 7 

=]3 + X- 

( 7X8X9) 5 

1837 7 1837 S7 
X- = = 5- 



7X8Xd 5 360 360 
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2. Divide 41 by 5tt + 81 - 4 . 

8 I 12 9 6] 

8 1 36 i 

35 35 85 323 

"" s"^ 36"" 8~ 36 
35 36 35X9 

"" 8 S23"'2.X323 
315 

~ 646* 

/. — Reduction of Complex Fractions* 

Rule^l' When numerator and denominator are simple or compound 
fractions, divide numerator by denominator. 

2. When numerator and denominator are, one or both, fractional ex- 
pressions composed by ternu, multiply each term in both by the L. C. M. 
of the denominators of all the simple fractions, and reduce the result by 
performing the operations indicated. 

The terms of the numerator and denominator must be put into the form 
of simple fractions, or whole numbers, before applying this rule. 

3. If the expressions be composed hyf acton, reduce each to a simple 
fraction, and perform the operations indicated. 

Examples. 

1. Reduce — to its simplest form. 

f _ 6 10 6 13 

i§""7'^38""7 10 
3X 13 39 



7X5 35 

4 

"" 35 

2. Reduce to its simplest form. 

12i 

llf 93 51 93 4 

12f "" 8 "^ 4 ~" r 51 
__31X1 31 

""2x17"" 34' 
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7i of 9| 

3. Reduce to its simplest fonn. 

6f oflf 



7i of 9| _ j 67 48| j47 14^ 



67X48 47X14 



« X6 


* 7 X15 


57X6 

X 

1 X5 


1 X15 
47X2 


57X3 
X 


1X8 



1X1 47X1 
513 48 

"" 47 " 47* 

„, i + iA-A . ^ , , 

4. Reduce ' ■ to its simplest form. 

4^-8AxA 

i-riA-A __ i + i + A-A 

4i-sA + A>""i+l-A + fD 

2404.90+15 — 100 

"* ^M) + 48 — 82 + 168 
245 

"" 424 
2t of 7i 3} of 8i 

4} of 5| 7i of 10 

5. Reduce — ^-— ^^^^-^^i^ to its simplest form. 

2f of 7} SiofSI 18X70 85X36 16x26 15X10 
4| of 5^ 7i of 10 7 X 9 ' 8 X 7 4 X 8 * 2 



|ofA + 4H 2X 7 59 

8 X 12 12 

2X1 15 X 25 
2 X 10 X X 



5X9 4X6 15X5 

7 59 

+ - 

3Xe 12 

8 5 

9 32 256—45 211 



7 59 112+1416 1528 
18 12 D 
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K. — Simplification of Fractional Expressions. 

m 

Rule, Perform the operations indicated by the aigns, for which the former 
rules will be sufficient, taking care to reduce each part of an expression to 
the simplest form before actually performing the operations. 

Examples. 
Si 6i 

1. Simplify — of — . 

m llf 

25 18 

8J 6J 3 7 
— of — = — of — 
lOf 11} 75 47 

T 7 

25 13 7 4 

=-x-x-x~ 

3 2 75 47 
_ 1X18X7X2 

~3X1X3X47 
_ 182 

"" 423 

2. Simplify {ij of tt}-r2(H:J. 

311 



(32 15^ 11 32X15 

(45 16 j 15 45 X 16 



45 X 16' 15 
32 X 15 X 15 


45 X 16 X 311 
2X1X5 







1X1X311 






10 
311 




3. 


Simplify 7S of 5i 
7f of 5i - 


— -ft of 9. 

71 
4i of 9 = — of • 
9 


23 17 

of9 

4 4 






1633 


153 






36 


4 






1683 - 


-1377 




36 


; 






256 
""36"" 


4 1 

7- = 7-. 
36 9 
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o. ,.^7fof^ SfofA 

4. Simplify X . 

"Aof8f\, iofA 

68 X 3 15 X 8 



7iofA SfofA 9X17 4X15 

y , zz ' X 

llAofS^, iofA 131X83 1X8 

11 X 10 3 X 39 
4 2 

3 1 

X 



131X3 8 



5. Simplify 



10 3X39 

4 10 2 3X39 

=— X X — X 

3 131X8 1 8 

_ 1 X 10 X 1 X 1 X 13 

"" 1 X 131 X 1 X I X 1 
ISO 

"""TsT 

3J of 4t 71 of 3J 



H of 3 6^ of 9^ 




7 32 


39 10 


— of — 


- of — 


3i of 4f 7t of 3J 2 7 


5 8 


U of 3 6i of 9^ 16 


49 64 


— of 8 


-of — 


9 


8 7 


16 


26 


1 


1 






16 


56 


3 


1 


13 




rr 3 — — 




28 




15 




= 2— 




28 




C 3 of 4| ^ 3f of 8| 1 3^ of 8^ 



28 
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'^ 8 2 5\ 

3 of 4— 8- of 8— 
9 5 9 

+ 



1 9 

7— of4- 
2 6 



7 1 
»— of2— 
9 5 



Ix 




44 17 77 

8 of— —of — 

9 5 9 

+ 

15 22 34 11 

— of— — of — 
2 6 9 5 



r 44 

7 



17X77 \ 



5X9 



8X11 84X11 



4hi} X 



5X9 
5 X 79 X 7 



71 



8X9X8 
6 X 79 X 7 



2X9 8X9 X8 



196315 
3888 



= 60- 



1915 



3888 



I 7 

— of8— 
8 9 

8 6 

— of2— 
4 7 

25 79 
— of — 
8 9 



3 20 
— of — 

4 7 

25X79 



8X9 
3X5 



IX. DECIMAL FRACTIONS. 

/. TO WRITE A FRACTION WITH TEN, OR ANT POWER OF TEN FOE ITS 
DENOMINATOR, AS A DECIMAL FRACTION. 

Rule, Mark off with a point aa many figures as there are ciphers in the 

denominator, heginning fh>m the right hand. If there be not enough figures 

in the numerator, write ciphers before to make up the number required. 

If there be too manj, those that remain are the whole number which the 

fhu^tion contains. 

Examples. 

171 1345 27643 lOIOl 

Write , , , — — — , as decimals. 

10 100 1000 10000000 

171 1345 27643 

=17.1; =13.46; = 27.648 

10 100 1000 

10101 

= .0010101. 

10000000 
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//. TO CONVERT A DECIMAL INTO A VULGAR FRACTION, OR THE BUM 

OF SEVERAL FRACTIONS. 

Ruie. Form a fraction having for its numerator all the figures integral and 
decimal in the given decimal, and for its denominator 1, followed hy as many 
ciphers as there are decimal figures; and reduce to its lowest terms. 

Or, form a series effractions having the several decimal figures as nume- 
rators, and for denominator 1, followed by a number of ciphers equal to the 
distance of the figure from the point : the sum of these is the equivalent 

expression. 

Examples. 

1. Convert 3.14159 into a vulgar fraction, and the sum of a series of 

fractions. 

3141*59 

3.14169 = . 

100000 

14 15 9 

Or = 3 + \- \- \- \- 



10 100 1000 10000 100000 

///. TO ADD DECIMALS. 

Rule, Write the decimals under each other, so that the decimal points 
may be all in one column. Add the difierent columns together, as in com- 
mon addition, and place the decimal point under the others. 

Example. 

Add together 8.14159, 31.4159, 314.159, 314159. 

3.14159 
31.4159 
314.159 
314159 



314507.71649 jins. 



IF, TO SUBTRACT DECIMALS. 

Ruie, Write the smaller number under the greater, keeping the decimal 
points immediately under each other. Subtract each figure of the lower line 
from that above it, as in common Subtraction, supplying a cipher, when- 
ever a figure occurs in one line, and not in the other. 

Examples. 
]. Subtract 3.87069 from 7.40168. 

7.40168 
3.87069 



3.53099 Jns. 



2. Subtract 63.24108 from 147.84. 

147.84 
63.24108 



84.59892 jins, d2 
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8. Subtract .2709 from .4086882. 

.4066882 

.2709 



.1877882 An9, 

V, TO MULTIPLT DBCIlfAL& 

/{tt/e— I. To multiply by 10, 100, 1000, &c. remore tbe decimal point as 
many places to the right as there are ciphers in the multiplier, supplying 
ciphers on the right to make up any deficiency. 

2. To multiply two decimal fractions, multiply at in whole numbers, 
and marJc off in the product as many figures for decimals as there are deci- 
mals in the multiplier and multiplicand together. If there are not sufiici- 
ent figures in the product, supply ciphers on the left. 

Examples. 

1. Multiply 8r.29OT by 10, 1000, 1000000. 

57.29677 X 10 = 672.9677 
67.29677 X 1000 = 57296.77 
67.29577 X 1000000 =: 67295770. 

2. Multiply 21.0785 by .04688. 

21.0785 
.04688 



632205 
1686880 
1264380 
842940 



.986869005 Am. 



3. Multiply .008207 by 7.056. 

.008207 
7.066 



49242 
41035 
574490 

.057908692 Am. 



VL ABBREVIATED METHOD OF MULTIPLICATION OP DECIMALS, WHEN 
ONLY A CERTAIN NUMBER OF DECIMAL PLACES ARE REQUIRED IN 
THE PRODUCT. 

JR«/ip— 1. Reverse the multiplier, and place it under the multiplicand, so 
that what w<u the units' figure be under the last place of decimals to be re- 
tained, placing ciphers, if necessary, so that every figure in the multiplier 
may have a figure above it. 

2. Multiply as usual, beginning each figure of the multiplier with that 
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which is in the place to its right in the mnltiplicaBd ; do not set down the 
^gare of this product, but cany its nearest ten to the next, and proceed. 

3. Place the first figures of all the products under one another ; add as 
usual, and mark off the required number of decimal places. 

Example. 

Multiply .08281674 by 234.781 resenring six places of decimals. 

.08281 674 
187432 



6563848 

984502 

131267 

22971 

2625 

33 



7.704746 jint. 



VIL Division OF DECIMALS. 

Rttle—\, To divide a decimal by 10» 100, 1000, &c. Remove the deci^ 
mal point as many places to the left as there are ciphers in the divisor, sup- 
plying, if necessary, ciphers on the left 

2. To divide one decimal by another. Make the number of decimal 
places in the dividend at least equal to that of those in the divisor, bj annex- 
ing ciphers on the right, if necessary, preceded by a point, if the dividend 
be a whole number. Divide as in whole numbers ; and when all the figures* 
of the dividend have been used, annex a cipher to each succeeding remain- 
der, as far as the division maj be carried. Mark off in the quotient as 
many figures for decimals as the number of decimal places in the dividend 
(including the ciphers annaed to ^ remainders) exceeds that of those in 
the divisor. 

Examples. 

1. Divide 71634.3069 by 10, 1000, 1000000, &c. 

71634.3069 -r 10 = 7169.48069 
71634.3069 -^1000 = 71.6348069 
71634.3069 -r 1000000 = .0716343069. 

2. Divide .0764183 by 45. 

.0764183 46 = 9X6 
9 

.008490922 . . . 
5 

.0016981844 . . . 
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3. Divide 27684.1603 by .0083. 

.0063)27684.1603(3335441 
249 

278 
249 

294 
249 

461 
415 

366 
332 

340 
832 

183 
183 

Am. 3335441. ... 

4. Divide 111.701 by 416.8397. 

416.8397)11 1 .70100r.26797 
8336794 



28833060 
25010382 

33226780 
29178779 

40480010 
37616573 

29644370 
29178779 



jifu. .26797. 465591 

5. Divide .0031898 by 73.8. 

73.8).003l798(.0000430867a0 
2952 

2278 
2214 

6400 
5904 

4960 
4428 

5320 
5166 

1540 
1476 

An9. .000J43086720 . . . 640 
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Vllh ABBREVIATED METHOD OF DIVISION OF DBCIM ALB, WBEN ONLY A 
CERTAIN NUMBER OF DECIMAL FLACEB ARE REQUIRED IN TUB QDOTIEHT. 

Haife-^l. PlDceed to find the figures of the qaotient by the ogdmary 
rule, till the number that remain to.be found is leas than the number of 
figures in the divisor. If this be so at first, find one figure of the quotient 
by the ordinary rule. 

2. Instead of bringing down the next figure to the remainder, cut off 
the last figure of the divisor, and divide the remainder by the remaining 
figures to obtain the next figure of the quotient. 

3. In forming the subtrahend, take eare to cany the nearest ten from 
the product of the quotient-figure, and the figure cut o£ 

4s. Cut off another figure of the divisor, and repeat the process, and so 
proceed till no figures of the £visor are left. 

5. If the divisor at first contain more figures than the quotient, the 
excess may be rqected firom the beginning, attention however being paid 
to (3). 

Example. 

Divide 2.71828180 by 3.1415927 to 8 places of decimals. 

8.IAIf^>9|2,7)2.71828180(.86626596 
251327416 



90500764 
18849556 

1651208 
1570796 

80412 
62832 



17580 
15708 

1872 
J571 

301 
283 

18 
19 



Ans. .86525596. 

/X TO REDUCE A VULGAR FRACTION TO A DECIMAL* 

Rule, Write the numerator as a decimal by annexing ciphers preceded 
by a decimal point, and divide by the denominator, by the preceding Rule. 
If the denominator be composed by the product of 2's and 5's oxdy, the 
division win terminate, and the decimal is then a terminating, or non- 
recurring decimal. , If the denominator have any other prime factor than 
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!or 5, the division will not terminate, and must be carried on till the 
emainder, and therefore the quotients begin to recur. 

Obt, A non-terminatiDg decimal, if the figures recur, is called a re- 
urring, or circulating decimal. A dot is placed over the first and last 
f the recurring figures. 

Examples. 

1. Express as decimal fractions ^, 7|» 5]%» -f- 2^* 

7 7.000 

(1) — = = .875. 

8 8 

3 31 31.00 

(2) 7- = -^ = = 7.75. 

4 4 4 

6 I 85X98 5 5.0 

(3) 5^^2— = =- = — = 2.5. 

16 8 16X17 2 3 

2. Express as decimal fractions H* U> Itt* 

12)11.0000 9)1L0000000 

Jru, .916. .91 66 6) 1 .2232222 .... 



.2037037.... . . 

4ns, .2087. 



814)417.0(.61228501 
407 

1000 
814 

1860 
1628 

2320 
1628 

6920 
6512 

4080 
4070 

1000 
814 

Am. .5*1228501 186. 



X. TO CONVERT A RECURRING DECIMAL INTO A VULGAR FRACTION. 

Rule. For the numerator take the whole decimal diminished by th^ 
ion-recurring part, and for denominator as many nines as there are re- 
Hirring figureSf followed by as many ciphers as there are non-recurring 
figures. 
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Examples. 
1. Conyert.57 into a vulgar fraction. 





. . 57 19 

.67=- = — . 

99 83 




•2. 


• • 
Convert .25dl5 into a vulgar fraction. 






25515 — 25 254^90 

««! e — . _ _ — 


2549 




99900 99900 


9990 



8. Convert 7.018 into a vulgar fraction. 

18—1 12 1 

7.018 = 7 = 7 — = 7—. 

900 900 75 



X. RATIO, PROPORTION, AND VARIATION. 

D^. 1. Ratio is the relation which exists hetween two magnitudes of 
the same kind, it heing considered what multiple, part or parts, the 1st is 
of the 2nd. 

A ratio is written thus : — 3 : 4 (= the ratio of 3 to 4.) 

D^. 2. The former of the two magnitudes composing a ratio is called 
the antecedent, the latter the eonseqtient, 

Drf, 3. A ratio of greater inequality is one in which the antecedent is 
greater than the consequent A ratio of less inequality is one in which 
the antecedent is less than the consequent. 

D<f. 4. If^ by multiplying together the antecedents of two or more 
ratios for a new antecedent, and the consequents for a new consequent, a 
new ratio be formed, this ratio is said to be compounded of the former 
ratios. 

D^. 5. If two ratios are equal, the four magnitudes are proportional, 
A proportion is written thus 3:4=6:8 or 3:4 ::6:8. 

Drf, 6. Magnitudes are said to be eontinttallp proportional, when the 
1st : 2nd : : 2nd : 3rd : : 3rd : 4th : : &c 

D^. 7. The Ist and 4th terms of a proportion are called the extremes, 
the 2nd and 3rd the means. 

Def. 8. The antecedents of the ratios are called homologous terms of a 
proportion, as also the consequents. 

Drf. 9. If by multiplying together the corresponding terms of two or 
more proportions, a new proportion be formed, this proportion is said to be 
compounded of the others. 

D^. 10. One quantity is said to vary directiy as another, when, if the 
former be changed, the latter is changed in the same ratio. Thus if A 
vary directiy, or vary, as B, and A^, B^, be other corresponding values 
of A and B, A : A^ = B : B^ . This is expressed thus :— A a B. 

D^. 11. One quantity is said to vary inversely as another, when if the 
former be changed, the reciprocal of the other is changed in the same ratio. 
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Thus if A Yaiy inyersely as B, and A^, B^ be other corresponding values 
of A and B, A : A^ ^ i : - • Hut is exnretsed Ana :— A oc i • 

B B^ B 

Dtjf, 12. One quantity is said to yaty as two others jointly when, if the 
first be changed, the product of the others is changed in the same ratio. 

Z)^. 18. One quantity is said to vary directly as one quantity and in- 
yersely as another, when, if the first be changed, die product of the aecond 
and the reciprocal of the third is changed in tiie same ratio. 

/. TO FIND THE RATIO OF ONE NUHBER TO ANOTHER. 

BmU. Diyide the 1st by the 2nd, the quotient, whether integral or frac- 
tional, will be the ratio required. 

Examples. 
Find the ratio of 16 to 48, and of 2} to 1}. 

16 1 

(1) 16:48 = — = -. 

48 8 
1 1 f 15 7 

(2) 2- : 1—= — = — = 1— . 

S 8 I 8 8 

//. TO SIMPLIFY THE TERMS OF A RATIO, WHEN FRACTIONAL. 

Ibide, Multiply both terms by the L. C. M. of the denominators of the 

fractions. 

Example. 

Simplify the terms of the ratio 9/^ : 10^. 

Here L. C. M. = 42. 
3 5 129 215 
.•. 9— : 10— = — : — = 8Sf : 4j90. 
14 21 14 21 

///. TO COMPOUND TWO OR MORE RATIOS. 

jRwfe. Multiply the antecedents together far a new antecedent, aad the 
consequents for a new consequent; and divide the terma by their G.C.M. 

Example. 
Find the ratio compounded of the ratios 8 : 15 ; 12 : 82. 
Compound ratio = 8 X 12 : 15 X 32 
= 1:5. 

IV, TO COMPARE TWO RATIOS. 

Rule* Multiply the antecedent of the one by the consequent of the other, 

that ratio will be the greater, the product of whose antecedent with the other 

consequent, is the greater. 

Example. 

Compare the ratios 6 : 7, and 4 : 5. 

6:7>or<,4:5 

As 6X5 > or '^t, 4X7 
As 80>or<,28 
.', 6:7>4:5. 
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F. TO DIVIDE A NUMBER INTO PARTS WHICH SHALL BEAR TO 

EACH OTHER OIYEN RATIOS. 

Rule, Divide the number by the sum of the numbers composing the givep 
ratios, and multiply the quotient by each of the numbers. The products 
will be the parts required. 

Example. 

Divide 286 into 3 parts in the ratio of 1, 3, 9. 

1+3 + 9=18: 286-1.13= 22 
22X3 = 66: 22 X 9 = 198. 
.*. The parts required are 22, 66, 198. 

Fl, TO determine whether four numbers be proportionals 

IN A GIVEN ORDER. 

Rule. Convert the first two and last two numbers into ratios, and com- 
pare tliem. If they be equal, the numbers are proportional ; if unequal, 
they are not. 

Or — Multiply the two extremes together and the two means, if these pro- 
ducts are equal, the numbers are proportional ; if unequal, they are not. 

Example. 

Determine whether the numbers 3, 9, 6, 12, be proportionals. 

3 1 6 1 

3 : 9 =— = — . — 6:12 = — = — . 
9 3 12 2 

1 1 

Now — is less than — . 
3 2 

.'.3:9 is less than 6 : 12 
and the numbers are not proportionals. 
Or thus: 3X12 = 36: 9X6 = 54 

Now 36 is less than 54. 
.'. the numbers are not proportional. 

FIL HAVING GIVEN THREE NUMBERS, TO FIND A FOURTH SUCH, THAT 

ALL SHALL BE PROPORTIONAL. 

Rule. Multiply the 2nd and 3rd together, and divide the product by the 
1st, the quotient is the number required. 

Examples. 

1. Find a fourth proportional to the numbers 8, 6, 16. 

6X 16 96 

No. required = =r — =12. 

8 8 

E 
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2. Find a fourth proportional to l, 31, 10. 

31 X 10 23 920 

No. required = = — X 10 X 8 = 

i 6 3 

2 
= 306—. 
3 

yjIJ. TO FIND A THIRD PROPORTIONAL TO TWO GIVEN NUMBERS. 

Rule. Multiply the 2nd bj itself, and divide by the Ist; the quotient is 
the number required. 

Examples. 

Find a third proportional to 25, 90 : also to 8), 4}. 

80X30 

(1). No.required = = 6X6 = 36. 

26 

4J X 4i 17 X 17 X 3 867 

(2) No. required = = = 

Si 4X4X10 160 

67 
= 5—. 
160 



XI. INVOLUTION. 

D^. 1. When a number is multiplied by itself, it is said to be involved. 

D^. 2. The product of a number multiplied by itself is called a 
" power" of the number. 

Drf. 3. If the number be numbered by itself once, the power is called 
the "square," or 2nd power ; if twice, the power is called the "cube," or 
3rd power; and the powers are called the 4th, 5th, &c. according as there 
are 4, 5, &c. factors, which enter into the composition of the product. 

TO INVOLVE A NUMBER TO A GIVEN POWER. 

Rule — 1. To square a number, multiply it by itself. 

2. To cube a number, multiply the square by the number. 

3. If the given power be an odd one, raise the number to the next greater 
power than the half, and multiply this by the next less. For example, to 
raise a number to the 5th power, cube it, and multiply the cube by the 
square. 

4. If the given power be an even one, raise the number to a power equal 
to half the given power, and square it. For example, to raise a number t» 
the 8th power, raise it to the 4th power and square. 
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Example. 

Fiud the square, cube, and fifth power of 108. 

108 
108 

864 
1080 


11664 — 
108 


• square 


93312 
116640 




1269712 — 
11664 


cube 


6038848 
7658272 
7568272 
13866832 




14693280768 - 


- fifth pc 







XII. EVOLUTION. 

Def, 1. The process of finding what number, raised to a given power, 
will produce a given number, is called Evolution, 

D^/*. 2. The number which, raised to a given power, will produce a 
given number, is called the * Root' of the given number, and is styled the 
square root, cube root, 4th, 6th, &c. root, according as it has to be 
raised to the 2nd, 8rd, 4th, 6th, &c. power to produce the number. 

D^. S. A root is represented by the sign y^. Thus ^^ = square root 
of 9 ; « v^27 = cube root of 27, &c. 

L TO FIND THE SQUARE ROOT OF A GIVEN NUMBER. 

Rule — 1. Divide the number into periods of two figures each, by placing 
a dot over every alternate figure, beginning with the units' place. 

2. Find the largest number, whose square does not exceed the first 
period. This is the Ist figure of the required root 

3. Subtract the square of this from the Ist period. 

4. To the remainder annex the 2nd period; call this number the Ist 
dividend. 

5. Double the Ist figure of the root, and write it to the left of the Ist 
dividend, placing a line between them : call this the 1st trial-divisor. 

6. Divide the 1st dividend, with the last figure cut off, by the 1st trial- 
divisor. 

7. Write the quotient as me 2nd figure of the root, and also to the right 
of the first trial-divisor : call this number the 1st divisor. 

' 8. Multiply the 1st divisor by the 2nd figure of the root, and subtract 
the product from the 1st dividend. 
9. To the remainder annex the 3rd period, forming the 2nd dividend. 
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10. To the last divisor add the last figure found in the root, and place it 
to the left of the last dividend, thus forming the 2nd trial-divisor. 

11. Proceed in the same manner as directed in 6, 7, &c. and repeat the 
process, till all the periods have heen used, when, if there is no remainder, 
the square root will have heen found ; hut if there be one, there is no 
square root. 

12. Whenever any quotient, obtained as directed, gives a subtrahend 
greater than the dividend, a less number must be taken. 

13. This Rule applies to decimals as well as to whole numbers ; only in 
decimals, the number of decimal places must be even, and the root must 
be made to have half as many as the number. 

14. The square root of a fraction is found by extracting the square 
root of numerator and denominator; or by reducing the fraction to a deci- 
mal, and then extracting the root. 

15. In finding the square root of .a number to a certain number of 
decimal places, when more than half the figures have been found, the 
remaining figures may be found by dividing the dividend with the last 
figure cut off by the last trial-divisor. 

] . Extract the square root of 6789265609. 



6789265609(82897 
64 



162 1 389 
2 324 



1643 
3 



6526 
4929 



16469 
9 



159756 
148221 



164789 1 1153509 
1153509 



Ans. 82397. 



2. Extract the square root of 39.49242649. 

39.49242649(62843 
36 

122 I 349 

2 244 



1248 I 10524 
8 9984 



12564 
4 



54026 
50256 



125683 



377049 
377049 



Ans, 62843. 
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3. Extract the square root of U^. 



t/121 11 
V 1** 12 



ll44) 



4. Extract the square root of 10 to 8 places of decimals. 

10(3.16227766 
9 

61 I 100 
1 61 



626 13900 

6)3756 

6322 I 14400 
2 I 12644 

68242 I 175600 

2 I 126484 

63244 1491160 
442708 



484520 
442708 

418120 
379464 

886560 
879464 



7096 Jns, 3.16227766. 



//. TO EXTRACT THE CUBE ROOT OF A GIVEN NUMBER. 

Rule — 1. Divide the niimher into periods of three figures, heginning 
with the units' place, hy placing a dot over every third figure. 

2. Find the lanrest number, whose cube does not exceed the first period. 

3. Write this as the first figure in the cube root, and subtract its cube 
frona the first period. 

4. To the remainder annex the next period ; call the number so formed 
the 1st dividend. 

5. Treble the first figure of the root, and write the result some little 
distance to the left of the dividend ; multiply it by the first figure, and 
write the product nearer the dividend, leaving room for two figures between 
them. Call this last number the 1st trial-divisor. 

6. Divide the dividend, with the last two figures cut off, hy the trial- 
divisor ; and write the quotient as the 2nd figure in the root, and also to 
the right of three times the 1st figure. Call the number so formed, the 
1st multiplicand. 

7. Multiply the 1st multiplicand by the 2ud figure in the root, and 

E 2 



42 
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Dv-rite the product under the Ist trial-divisor, keeping two figures to the 
right ; and add the two together ; call the sum the 1st divisor. 

8. Multiply the Ist divisor by the 2nd figure of the root, and subtract 
the product from the 1st dividend. 

9. To the remainder annex the next period, forming the 2nd dividend. 

10. Treble the figures of the root, or add twice the last figure to last 
multiplicand, and write the product as in 5 ; add the 1st divisor to the line 
above it, taking in the square of the last figure of the root ; thus forming 
the 2nd trial-divisor. 

11. Proceed in the same manner, as directed in 6, 7* &c. and repeat the 
process till all the periods have been used, when, if there is no remainder, 
the cube root will have been formed ; but if there be one, there is no cube 
root. 

12. Whenever any quotient obtained as directed, gives a subtrahend 
greater than the dividend, a less number must be taken. 

13. This rule applies to decimals as well as to whole numbers ; only in 
decimals, the number of decimal places must be a multiple of 3, and the 
root will contain one third as many decimal places as the number. 

14f. The cube root of a fraction may be obtained by extracting the cube 
root of numerator and denominator ; or by reducing the fraction to a deci- 
mal, and then extracting tbe cube root. 

15. In finding the cube root of a number to a certain number of decimal 
places, when one more than half the number of figures required in the 
root are found, the remaining figures may be found by dividing by the 
trial-divisor the last dividend with the last two figures cut ofT. 

Examples. 

1. Extract the cube root of 625026375. 



245 



2555 



625026375(85 
512 



192 
1225 


113026 


20425 


102125 


21675 
12775 


10901375 


2180275 


10901375 







2. Extract the cube root of 91064.263499. 



124 



48 
496 

5296 



91064.263499(44.99 
64 

27064 
21184 
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43 



1329 



13479 



5808 
11961 


5880263 


592761 


5334849 


604803 
121311 


545414499 


60601611 


545414499 



3. Extract the cube root of 12 to 8 places of figures. 



62 



668 



6849 



12 
124 

1324 



12(2.2894284 
8 

4000 
2648 



1452 
5344 


1352000 


150544 


1204352 


155952 
61641 


147648000 


15656841 


140911569 


15718563 
274696 


6736431000 


1572130996 


6288523984 



1572405708 



4479070160 
3144811416 

13342587440 
12579245664 

7633417760 
6289622832 

1343794928 



XIII. ARITHMETIC PROGRESSION. 



Def* 1. Numbers are said to form an Arithmetic Progression or series, 
or to be in Arithmetic Proportion, when the differences between any two 
consecutive terms of the series are the same. This difference is called the 
common difference. 
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Def» 2. The first and last terms of a series are called the extremes, the 
other terms the means. 

/. TO FIND ANY REQUIRED TERM OF AN ARITHMETIC SERIES, OF WHICH 
THE FIRST TERM AND THE COMMON DIFFERENCE ARE KNOWN. 

Ride, To the first term add the product of the common difference mul- 
tiplied by a number less by one than the number of the term. 

Example. 
Find the 9th term of the series, of which the 1st term is 13, and common 
difference is 2. 

9th term = 13 + 2 X 8 = 13 + 16 
= 29. 

//. TO FIND THE SUM OF ANY NUMBER OF TERMS OF A GIVEN ARITH- 

METrC SERIES. 

Rvde, Find the last term, and multiply half the sum of the first and 
last terms by the number of terms. 

Example. 

Find the sum of 20 terms of the series 1, 3, 5, &c. 

Here first term = 1 : com. diff. = 2. 

.-. last term = 1 + 2 X 19 = 1+38 = 39. 

14-39 

.-.sum =r X 20 = 400. 

2 

111, TO FIND ANT NUMBER OF ARITHMETIC MEANS BETWEEN TWO 

NUMBERS. 

Rtkle, Divide the difference between the last and first term by a number 
greater by one than tlie required number of means. The quotient is the 
common difference, which being known, the terms of the series are readily 
found. 

Example. 

Insert 7 arithmetic means between 7 and 27. 

27 — 7 20 1 

Com. diff. = = — = 2— 

7+1 8 2 

.'. means are 9^, 12, 14^, 17, 19|, 22, 24|. 



XIV. GEOMETRIC PROGRESSION. 

Def. 1. Numbers are said to form a Geometric Progression or Series, 
or to be in Geometric Proportion, when tlie ratios of any one term to the 
preceding are the same. This ratio is called the Common Ratio. 
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Drf. 2. The limit of the sum of any number of terms of an infinite 
Geometric Series, is the number to which the sum continually approaches, 
as the number of terms is increased, but which the sum of any number of 
terms whatever can never equal or exceed. The common ratio here is 
always a proper fraction. 

/. TO FIND ANT REQUIRED TERM OF A GIVEN aEOMETRIC PROGRESSION. 

Rule. Raise the common ratio to a power one less than the number of 
the required term, and multiply by the first term. 

Example. 
Find the 7th term of 2, 4, 8, &c. 

Here 1st term = 2 : common ratio = 2, 

.-. 7th term = 2 X 2« = 2^ 

= 16 X 8 = 128. 

//. TO FIND THE SUM OP ANY NUMBER OF TERMS OF A GEOMETRIC 

SERIES. 

BuU, Divide the difierence between the first term, and the last term 
multiplied by the common ratio, by the difference between 1 and the com- 
mon ratio. 

Examples. 

1. Find the sum of 8 terms of the series 1, 3, 9, &c. 

Last term = 1X3^= 2187. 

2187 — 1 2186 

.*. Sum = = = 1093. 

3 — 1 2 

2. Find the sum of 9 terms of the series 1, }, |, &c. 

1 I 

Last term =: 1 X — = 

2« 256 

_ 1 — aie _256 — 1 255 127 
"" 1 — i ""256 - 128 "" 128 ~ 128 

///. TO FIND THE LIMIT OF THE SUM OF AN INFINITE GEOMETRIC 

SERIES. 

Ride. Divide the first term by the difference between 1 and the com- 
mon ratio. 

Example. 

Find the limit of the sum of the series 1, }, |, &c. 

1 
Limit =: = 2. 

IV. TO FIND ANY NUMBER OF GEOMETRIC MEANS BETWEEN TWO 

NUMBERS. 

Rtt/tf. Divide the last by the first term ; extract a root of the quotient 
grater by one than the number of means ; the root is the common ratio ; 
which being found, the means are readily obtained. 
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Example. 

Find 8 means between 37 and 2997. 



r2997) 



.*. com. ratio = 3. 

.'. means are 111, 3dS, 909. 



XV. SCALES OF NOTATION. 

Oba. In the ordinary system of Notation, tlie value of a figure increases 
ten-fold with every increase of its distance from the units' place. This is 
the convention in common use. But there is no reason why this should 
necessarily he the convention ; nor why it should not be agreed that the 
value of a figure shall increase five-fold, six-fold, or a hundxed-fold with 
every increase of its distance from the units' place. In these cases re- 
spectively 10 would stand for the numbers five, six, or one hundred. 

Dtf. 1. The number which 10 stands for is called the radix of the scale 
of notation. 

D^, 2. Scales are termed the binary, ternary, quaternary, quinary, 
senary, septenary, octenary, nonary, denary, undenary, duodenary, accord- 
ing as 1, i 3, 4, 5, 6, 7, 8, 9, 10, 1], 12 is the radix of the scale. 

Obs, As many different figures are required in any scale, as are equal 
to the radix of the scale. Therefore in the undenary and duodenary scales, 
let t stand for ten, e for eleven. 

/. TO CHANGE AN INTEGER FROM ONE SCALE TO ANOTHER. 

Rule. Divide the given number by the radix of the new scale ; divide 
again the quotient, and repeat the division as often as possible. The suc- 
cessive remainders are the successive digits, the first being the unit's digit 

Examples. 

Change 814 from the denary to the senary scale; and the result to the 

quinary. 

(J) 6)814 (2) 5)3434 

6)135 — 4 6)430 - 4 

6)22 — 3 5)52 — 2 

6)3 — 4 6)10 — 2 

— 3 5)1 — 1 

Ant. 3434 senary. — J 

jftu, 11224 quinary. 

II. TO CHANGE A FRACTION FROM ONE SCALE TO ANOTHER. 

Rule, Multiply by the radix of the scale, and reduce the result to a 
mixed number : multiply the fractional part again by the radix, and reduce 
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the result : in like manner proceed as long as any fractional part remains. 
The several integers are the digits of the number in tlie new scale, the 
first being the digit immediately following the separating point. 

Examples. 

1 . Change H from the denary to the ternary scale. 

14 42 15 5 

27 27 27 9 

5 15 6 2 

-.X8 = - = l-=l- 

9 9 9 3 

2 

-X8 =2 

3 j^ng, =.112 ternary. 

2. Change & from the quinary to the ternary scale. 

3 14 

-X3 = -=l 
14 14 

Ans. = 1. 

Ill, TO ADD, SUBTRACT, MULTIPLY, OR DIYIOB IN ANY SCALE. 

Rule. Perform the operations precisely as in the denary scale, carrying 
always the radis of the scale or its multiples, instead of 10 and its mul- 
tiples. 

Examples. 

1. Add together in the nonary scale 4567, 803, 111 : and subtract in the 
senary scale 36432 from 43215. 

(1) 4567 (2) 43215 
803 35432 

111 

3343 Am. 

5682 Ans, == 



2. Multiply 476te8 by 56 in the duodenary ; and divide the product by 56. 

(1) 476te8 
66 



23955t0 
Ielt6t4 



21580420 Ans, 





(2) 


56)2]580420(476te8 Ans. 
ItO 

358 
826 

820 
290 

504 
470 

542 
506 

380 

380 






• • • 
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PART TI. 



COMMERCIAL ARITHMETIC. 



I. REDUCTION OF INTEGERS. 

D^. 1 . Concrete quantities are measured, or estimated, by considering 
how often they contain certain fixed quantities of the same kind, which 
are called units of magnitude. 

D^. 2. The unit being represented numerically by 1, other quantities 
of the same kind are represented by the number, which shews how often 
they contain the unit, which must be specified in every case. 

Def. 3. Since all quantities do not contain the unit an exact number of 
times, and are not therefore expressible by whole numbers, several units of 
the same kind are used. The process of converting the numbers, express- 
ing a given quantity in terms of one or more units, into others expressing 
it in other units, is called Reduction. 

D^. 4. When a quantity is made up of several others, or expressed by 
two or more numbers with different units, it is called a compound quantity. 

/. TO CHANGE NUMBERS FROM A HIGHER DENOMINATION TO A LOWER. 

Rule, Multiply the number of the highest denomination by the number 
of the next lower denomination, which make up one of the higher; and if 
the quantity be compound, add to the product the number of the next 
lower denomination. In the same manner change this number to the next 
lower denomination, and so on, till the denomination required is arrived at. 

Examples. 

1. Reduce £,%1 : 16 : 10| to farthings. 

£ «. </. 
87 : 16 : 10| 
20 

1756 s. 
12 

21082 d. 
4 

Am, 84331 farthmgs. 
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2. Reduce 411 guis. ISs, 2d. to two-pences and farthings. 

guis. 8. d. 
411:18:2 
21 

429 
822 

8649 «. 
6 

51895 — two-pences. Ist Ans. 
8 



415160 — farthings. 2nd Ans, 

3. Change 480 acres, 3 roods, 26 poles to yards. 

ac. rds. po. 
480:2:26 
4 

1922 — rds. 
40 



76906 — poles 
S0\ 



2307180 
19226^ 



23264061 — sq. yds. jim. 



IL TO CHAKO£ NUMBERS FROM A LOWER DENOMINATION TO A HIGHER. 

Rule. Divide by the number of the lower denomination which make up 
one of the next higher ; the quotient is the number of the higher, and the 
remainder, if any, is of the lower denomination. In the same way change 
to the next higher, and so on, till the highest required is arrived at. 

Examples. 
1. Change 15302 farthings to the higher denominations. 

4)15302 far. 

12)3825rf. — 2f, 



20)318*. — 9rf. 

4-15 — 18*. Ans. £15 : 18 : 9J 



2. Change 41073 three-pences to moidores. 

4)41073 three-pences. 

f9)l0268«. — lthrp. 

27^ 

I 3)1140 — 8*. 



380 moid. Ans. 380 vmI 8«. Zd. 

^"^ F 
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3. Change 2345678 diams to tons. 

r 4)2345678 drams 
16-^ 



t 4)586419 — 2) 

> Rem. = 14 dr. 



f4)146604oz.— 3) 

16^ 

( 4)36651 ) 

: J-Rem. = 

( 7)9162 lbs.— 3 j 



12 oz. 



28-5 

14)1308—6 ) 

>Rem. = 



4)327 qre 
20)81 cwt. 3 qrs. 

4 tons — Icwt. 

j^ns. 4 tons. 1 cwt. 3 qrs. 6 lbs. 12 oz. 14 dr. 

4. In 4106832 inches, how many leagues ? 

12)4106832 inches 

3)342236 — feet 

114078 yds. — 2 ft. 
2 



6 lbs ' 



11)228156 — half-yds. 
4,0)2074,1 — poles — 5 half-yds. 
8;518 fur. — 21 po. 
3)64 mi. — 6 fur. 
21 lea. — mi. 
^ns. 21 lea. 1 mi. 6 fiir. 21 po. 2| yds. 2 ft 

///. TO CHANGE NUMBERS FROM ONE DENOMINATION TO ANOTHER, 
WHEN NO EXACT NUMBER OF THE ONE IS CONTAINED IN ONE OP 
THE OTHER. OTf TO EXPRESS ONE QUANTITY IN TERMS OF AN- 
OTHER. 

Rule. Reduce both quantities to the same denomination, the highest pos- 
sible, and divide the first by the second. 

Examples. 
1. Change 416 moidores into guineas. 

416 moidores 1 guinea = 7 three-sh. -pieces. 



3744 — three-sh.-pieces. 3744 — 7 = 534?. 

j4n8. 534 guis. 18 shill. 
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2. In 3804 crowns, how many pieces each 7s. 6d. ? 

8804 era. = 7608 — J-crs. : 7*. 6rf. = 3 — J-crs. 
7608 -r 3 = 2536. ^n*. 2536. 

3. In 7284 florins, each 3«. 2d. how many pounds ? 

3f. 2d, = 19 —- two-penoes. £1 = 120 — two-peuces. 

7284 fl. = 7284 X 19 two-pences. 

7284X19 607X19 11533 3 
= = =1153—. 

120 10 10 10 

j4ns, £1153^. 

4. How many times will a wheel l6^ft in circumference turn round in 
a distance of 24 mi. 3 fur. 25 po. ? 

mi. fur. po. 
16ift =: 33 — ^ft. 24:3:25 

8 



195ftir. 
40 

7825 po. 
11 



86075 — i-y<ls. 
3 



11)258225 — J-ft. 
33' 



{ 



3)23475 

7825 Jns. 7825 times. 



5. A grocer wishes to weigh up 8cwt 2qr8. 20lbs. of sugar into an equal 
number of parcels of 4 lbs. 6 lbs. 8 lbs. 10 lbs. 12 lbs. and 14 lbs. each, what 
number will he have of each, and how many altogether ? 

Weight of 1 parcel of each kind = (4 -j- 6 + 8 + 10 + 12 -f 14) lbs. 

= 54 lbs. 
cwt. qrs. lbs. 
8 : 2 : 20 
4 

34 qrs. 

28 



292 
68 



(9)972 lbs. 
54J 

16)108 



18 Ans. 18 parcels of each; 108 in all. 
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II. REDUCTION OF FRACTIONS. 

1. TO EXPRESS IN LOWER TERMS THE VALUE OF A FRACTION OF A 

SIMPLE QUANTITY. 

Rule, Multiply the fraction by the number of the next lower denomina- 
tion, which make up one of the higher ; reduce the result to a whole or 
mixed number. Proceed in the same manner with the fractional part, if 
any, till the lowest denomination required is arrived at. If the fraction be 
a recurring decimal, it must be reduced to a vulgar fraction. 

Examples. 

1. Express in lower terms the value of ^ of a crown. 

7 7X5 ^ 11 

— cr. = — — *• =: — «. = 2 — 9, 
12 12 12 12 

11 11X12 7 

— «. =: rf. = 11 <f. .*. — cr. = 2 *. 11 dl 

12 12 12 

2. Express in lower terms f^ofh cubic yard. 

9 9X27 243 1 

— cub. yd. =: cub. ft. = cub. ft. = 22 — cub. ft. 

11 11 11 11 

1 1728 , 1 

— cub. ft. =: cub. in. =: 157— cub. in. 

11 11 11 

9 1 

.•.— cub. yd. = 22 cub. ft. 157 — cub. in. 

11 11 

3. Express in lower terms .009674 of £1 . 

.009674 £. 
20 



.193480 s. 
12 



2.321760 d, 

4 



1.28704/. Jns, 2Jrf. .28704/. 



4. Find the value of .7135 of £5. 

.7135 of £5. 
5 

3.5675 £. 
20 



1 1.3500 «. 
12 



4.2000 d. Ans, £3 : 1 U. : 4 : 2i/. 
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5. Find the value of -10714285 of £5. 

10714285—10 

.10714285 of ies = . X 100 *. 

99999900 

10714275 

"" 999999 
36076 75 



*. = — «. 



8367 7 

5 

= 10— *. 
7 

5 60 4 

— f. nr — (f • zz 8— </. 

7 7 7 

.-. .-10714285 = 10». 8K 

J I. TO EXPRESS IN HIGHER TERMS THE VALUE OF A FRACTION OF A 

SIMPLE QUANTITT. 

Rule. Divide the fraction hy the number of the lower denomination 
which make up one of the next higher, and the quotient in like maimer, till 
the denomination required is arrived at. If the fraction be a vulgar frac- 
tion, reduce it to its lowest terms ; if a decimal, leave it unaltered. 

Examples. 

1 . Express f-yd. as a fraction of a mile. 

8 8 3 

— yd. = mi. =: mL 

4 4 X 1760 7040 

2. Express f pole as a fraction of a league. 

3 3 8 

— po. ^ fur. = — mi. 

7 7X40 7X40X8 

S 1 

— lea. = lea, 

7 X 40 X 8 X 3 2240 

3 Express .345895 of U. as the decimal of £1. 

.345895 «. 

20 

.01729476 £. ^fw. 



4. Express 6.461538 of Id. as decimal of £1. 

6.461538 d. 
12 

.538461 s. 
20 



.02692307 £. Am. f 2 
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IlL TO EXPRESS A COMPOUND QUANTITY AS A FRACTION OP ANY 

SIMPLE QUANTITY. 

Rule, Begin with the quantity of the lowest denomination, express this 
as a fraction of the next higher. Add to the result the quantity of this de- 
nomination! and express the sum as a fraction of the next higher. Proceed 
in the same manner through all the quantities, and if the result be not in 
the required denomination, express it by Case XL But if the required de- 
nomination be arrived at before all the quantities have been used, those not 
used must be reduced to the denomination required. 

Examples. 

1. Express 17 p. 4 yds. 2| ft as a fraction of a league. 

1 5 

2— ft.=:— yd. 

2 6 

5 29 29 11 29 

4— yd. = — yd. = — -f po. = — po. 

^ ^ 6 2 38 

29 590 590 

17 — po. =: — -po. = — lea. 

33 33 33X40X8X3 

= lea. 

33X96 

59 

=: lea. Ana, 

3168 

2. Express £1 : 13 : 6| as the decimal of £1. 

4)3.0000/. 

12)6.7500 d, 
2,0)13.5625 «. 



1.678125 £. Ans. 



IF. TO EXPRESS SHILLINGS, PENCE, AND FARTHINGS AS DECIMALS 

OF A POUND. 

Rule. Put in the 1st place of decimals 1 for every pair of shillings : — 

in the 2ud and 3rd places, 50 for the odd shilling, if any, and 1 for every 

farthing besides, with 1 extra for sixpence :^in the 4th and 5th places, put 

4 for every fiuthing above the last sixpence, and 1 extra for every 6 fiurth- 

ings: — to fill up the places after the 5th, form a fraction, whose numerator 

is the number of farthings above the last 6, and whose denominator is 6 ; 

convert this into a decimal, and annex the figures of the decimal to the 

others. 

Example. 

Change 17«. 7\d» to tlie decimal of a pound. 

17«. 71 = .8822916 £. 
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V, TO EXPRESS IN POSITIVE TERMS THE VALUE OF A DECIMAL OF 

A POUND. 

Rule, Take 2 shillings for eveiy 1 in the Ist place ; 1 shilling for 50 in 
the 2nd & Srd, and 1 farthing for every i^oo^l^ remaining, after subtracting 
), if the number exceed 24>. 

JVo^f. This rule gives generally only approximately the value of the de- 
cimal : — if the fraction of a farthing be required, multiply the given deci- 
mal by 1000, and subtract from the product 4 per cent. — this will give the 
exact number of farthings : whence the true result may be easily obtained. 

Example. 

Find the value of .754.321 £. 

.754321 £ = 15f. \d, Approx. by Rule. 
But 1000 X .754321 = 754321 
And 40 X .754321 = 80.17284 

.-. No. of farthings = 724.14816 

.754321 £ = 15«. \d, .14816/a. 

VL TO EXPRESS IN POSITIVE TERMS THE VALUE OF A FRACTION OF 

A COMPOUND QUANTITY. 

/2«/e. Express the compound quantity in terms of any one of the de- 
nominations involved ; multiply the two fractions, and reduce the results. 

Examples. 
1. Express in positive terms 2| of £1 : 2 : 2. 

3 11 I 
2— of£l :2: 2 = — of£l:2— t. 

4 4 6 

11 13 

= — of£l — 

4 120 

11 133 

= -X--£. 
4 120 

1463 23 

= £ = 3~£. 

480 480 

23 460 23 

480 480 24 

23 276 1 
— s. =: — <f.= ll-<^. 

24 24 2 

.*. 2|of £l:2:2 = £3:0:lli. 
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2. EzpreM in positive terms 1.7658 of £1 : 13 : 4|. 

£1 : 13 : 4i = 1.60875 £, 

1.66875 
1.7658 



1335000 
834875 
1001250 

1168125 

166875 

2.946678750 £. 
20 

18.93357500 «. 
12 



11.202900 </. 
4 



2.8116 /a. 
'^'''^ Ant. £2: 18 : 11 .8ll6/a. 

VIL TO EXPRESS ONE QUANTITY, FRACTIONAL OR OTHER, IN TERMS, 
OR AS A FRACTION, OF ANOTHER. Or, TO FIND THE RATIO OF ONE 
TO THE OTHER. 

Rule, Express both quantities in the same denomination, and divide the 
former by the latter. Leave the result, as a vulgar, or decimal fraction, as 
required. 

Examples. 

1. Express 2t. 7\d. as a fraction of 3f. 4d. 

5 
28,7ld. =2—*. 
8 

1 
3*. V. = 3~ *. 
3 

2| 
.•.2*. 7i= — of 3*.4d. 

21X8 



10X8 
63 

""80 

2. Express | of d| ac. as a fraction of 2 r. 20^ po. 
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117 7* 

— of 3 — ao. = — ac. = — ro. 
4 2 8 2 

41 41 

2 r. 20* p. = 2r.— p. = 2— ro. 

2 80 

I \ i 1 

.*. — of 8— ac. = of 2r. 20— p. 

4 2 2tt 2 

280 



201 

"" 201 

3. Express Sf. 7|</. as the decimal of 9s. 6d, 

5 

Zs, 7ld. •= 3— *. = 8.625*. 

8 

1 
9*. 6rf. = 9— *. = 9.5 
2 

3.625 

.*. 3#. 7K = of 9*. 6(L 

9.5 

= .38167894736842105263 



III. COMPOUND ADDITION. 

/. TO ADD SEVERAL COMPOUND QUANTITIES O^ THE SAME KIND 

TOGETHER. 

Rule. — 1. Write the quantities under each other, placing those of the same 
denomination in the same column. 

2. Add the column of the lowest denomination ; convert the sum into a 
numher of the next higher denomination. 

3. Carry this numher to the next column, and set down the remainder 
under the first. 

4. Add the next column, in the same way, and repeat the operations tiH 

the last column is added. 

Examples. 

1. Add together the following quantities £4:10:1|; je25:]3:5|; 

£67:10:0^1; £0 : 3 : 0|. 

£. s, d. 

4 10 \\ 

25 13 5} 

67 10 0¥ 

3 0| 



£97 16 8 Ans. 
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2. Add together 7 cwt. 2 qrs. 15 lbs. ; 33 ewt qrs. 25 Ibn. ; 19 cwt 3 qrs. 

cwt qrs. lbs. 
7 2 15 
33 25 
19 S 



60 2 12 Ane. 



//. TO EXPRESS IN POSITIVE TERMS THE SUM OF SEVERAL FRACTIONS 

OF CONCRETE QUANTITIES. 

Rule 1. Express them all in the same denomiDation, add them, and ex- 
press the sum in positive terms. 
Rule 2. Express each fraction in positive terms, and add. 

Examples. 

1. Express in positive terms | guL -f | «. 

7 2 147 2 

— gui. -f — «. = — -*. -f — *. 
e 8 8 3 

441 -f 16 457 

=z #. = — *. 

24 24 

1 
=19—*. =19*. Ojd. 

24 

2. Express in positive terms § mile 4- { yd. -I- } ft 

2 16 1 

— mile = — fur. = 5 — fur. 

3 3 3 

] 40 1 

— fur. := — po. = 13 — pOi 
3 ' 8 3 

I 1 11 5 

— po. = — X — yds=l — yds. 

3 3 2 6 

5 5 1 

— yd. = — X3ft =2— ft. 
Q Q 2 

1 1 

— ft = — X 12ins.= 6 ins. 

2 2 

S3 I 

— yd. = — X 3 a = 2— ft. 

4 4 4 

1 1 

— ft. = — X 36 in8.= 9 ins. 
4 4 

2 3 1 

.*. — mile + — yd.-! — ft = 5 fur. 13 p. 1 yd. 2 ft. 6 ins. 

3 4 2 

2 ft 9 ins. 

6 ins. 
= 5 fur. 13 p. 2 yd. 2 ft 9 ins. 



X 



.*' 
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3. Find the valae of .75 sq. yd. -f .66 sq. ft. 

.75 sq. yd. -I- .56 sq. ft 

= 6.75 sq. ft. + .56 sq. ft 

= 7.31 sq. ft. 

= 7 sq. ft 44.64 sq. in. 

4. Find the value of .72 of £1 : 3 : 4-f .5 of £1 : U : 4. 

72 7 28 
.72of£l:8: 4 = — of — £ = — £. 

99 6 33 

5 47 47 
.5ofiei:ll:4 = — of-£= — ig. 

9 80 54 

.♦.. 72 of £1 : 3 : 4 + .5 of £1 : 11 : 4 

28 47 

= -£ + -iB. 

33 54 

504 + 517 

= £. 

594 

1021 427 

= £ = 1 — £. 

594 594 

427 4270 112 

— £ zr *. =: 14— 8. 

594 297 297 

112 448 52 

297 "" 99" ' "" 99 
.'. value required = £1 : 14 : 4 ffif. 



IV. COMPOUND SUBTRACTION. 

/. TO SUBTRACT ONE COHPOUND QUANTITY FROM ANOTHER OF THE 

SAME KIND. 

Rule — I. Write the less quantity under the greater, placing those of the. 
same unit in the same column. 

2. Subtract the lower number in the column of the lowest denomination 
from the upper, if possible, but if not, 

3. Add to the upper number as many units of the denomination of the 
column as make one of the next higher; and then subtract the lower num- 
ber. 

4. Set down the remainder under the column. 

5. Proceed in the same manner with the next column, adding 1 to the 
lower number, if the upper number of the last column has been increased. 

6. Continue this process till each number in the lower line has been sub- 
tracted. 
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Examples. 

1. Subtract £695 : 15 : 3i from £743 : 17 : 4|. 

£. s» d* 
7^ 17 4| 
695 15 S\ 

^48 2 \\ Ana. 



2. Subtract 709 sq. po. 23 yds. 6 ft. from 6210 sq. po. 4 yds. 4 ft. 

sq.po. yds. ft. 

6210 4 4 

709 23 6 



5500 10| 7 Ans- 
= 5500 11 0| 

« 

3. Bought 508 qrs. 3 bush. 1 pk. of grain, of which 300 qrs. 4 bush. 2pks. 
was wheat, the remainder oats, find the quantity of oats. 

qrs. bus. pk. 

508 3 1 — whole gr^ bought 

300 4 2 — wheat 



Ant, 207 6 3— oats. 



IL TO EXPRESS IN POSITIVE TERMS THE DIFPEREMCE OF TWO ' 
FRACTIONS OF CONCRETE QUANTITIES. 

Rule 1. Express them in the same denominatioD, subtract, and express 
the result in positive terms. 
Ride 2. Express each fraction in positive terms, and then subtract 

Examples. 
Find the value of ^ moidore — A. of half a guinea. 

11 7 11 7 21 

— moidore half gu. = — X 27». X| — *• 

12 11 12- 11 2 

99 147 

4 22 

3 15 
=: 24— *. — 6— *. 

4 22 

38 — 30 
= 18 + s. 

3 

= 18— *. 
44 

2. Find the value of .085 of a ton — .875 of a qr. 

.085 ton = 7 qrs. 

.-. .085 ton — .875 qr. = 7 qrs. — .875 qrs. 

= 6.125 qrs. 
= 6 qrs. 3 lbs. 8 oz. 
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V. COMPOUND MULTIPLICATION AND DIVISION. 

y. TO MULTIPLY BY ANY NUMBER A GIVEN COMPOUND QUANTITY. 

Rule L If the multiplier be not greater than 12, write the multiplier 
under the number of the lowest denomination in the multiplicand, and 
multiply this by the multiplier. Convert the product into units of the 
next higher denomination ; set down the remainder, if any, and carry the 
higher units to the next denomination. 

Multiply the number of the next denomination by the multiplier, and to 
the product add the units carried from the former product. 

Proceed in this way, till all the numbers in the multiplicand have been 
multiplied ; write the last product in full. 

Rule 2. If the multiplier be greater than 12, and capable of being re- 
solved into factors not greater than 12, multiply by any one of the factors, 
this product by another, this by a third, and so on. till all the factors have 
been used. 

Rule tS. If the multiplier be greater than 12, and not capable of being 
resolved into factors less than 12, take the next smallet or greater num- 
ber than the multiplier, which is capable of being resolved into factors not 
greater than 12. Multiply by this, by last Rule; and multiply the multi- 
plicand by the difference between the multiplier used and the given one. 
Add, or subtract, this product to or from the former one, according as the 
multiplier used was too small or too large. 

Or — Multiply by lO's in succession, a number of times less by one than 
the number of figurei) in the multiplier. Multiply the multiplicand by the 
units' figure in the multiplier ; the Ist product by the tens' figure; the 2nd 
by the hundreds' figure, and so on. Add these last products together : the 
sum is the product required. 

Examples. 

1. Multiply JB7413 : 10 : Ml by 11. 

£. s. d. 

7413 10 111 
11 



i^81549 6| Ans. 



2. Multiply £13 : 4 : 6 by 54. 

£. s d. 
13 4 6 
9 



119 6 = 9 times the multiplicand. 
6 



^714 3 = 54 
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3. Multiply 58cwt. 2qr6. 6 lbs. by 252. 

cwt qrs. lbs. 
252=12X7X3 68 2 6 

12 

702 2 16 = 12 times the multiplicand 

7 

4918 2 = 84 

3 

1475S 2 = 262 

4. Multiply 2 miles 3 fur. 30 po. 3yd8. by 57. 

mi. fur. po. yds. 
57 = 12X^ — 3 2 3 30 3 

12 

29 5 6 3 = 12 times the multiplicand 
5 

148 1 32 4 =60 

7 3 11 3J= 3 

Ans, 140 6 21 0^ = 57 

Or thus: 57 = 9X6 + 3. 

mi. fur. po. yds. 
2 3 30 3 
9 

22 1 34 5 = 9 times the multiplicand 
6 

133 3 9 2il = 54 

7 3 11 3i= 3 

140 6 21 0J = 57 



5. Mnltiply75yrs. Smths. 2wks. by226. 

yrs. mo. wks. 
226 = 2X11X10 + 6 75 3 2X6 

10 



752 11 = 10 times the multiplicand 
11 

8282 1 0=110 

2 

16564 2 . = 220 

451 9 0= 6 

17015 11 = 226 
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yrs. mo. wks. 
Or thus 75 3 2 

10 

752 11 z= 10 times the multiplicand 
iO 

7529 2 0=100 

2 

15058 4 0=200 

451 9 0= 6 

1505 10 0= 20 

17016 11 0=226 

6. Bought pieces of silver plate weighing 6 oz. lOoz. 25 oz. find their 
cost at £2 : 12 : d per oz. 

6 4. 10 4* 25 oz. = 41 oz. 

2 12 3 cost per oz. 
10 

26 2 6 ^ cost of 10 oz. 
4 

104 10 — cost of 40 oz. 
2 12 3— cost of loz. 

jei07 2 3— cost of 41 oz. 

7. Oiven to an equal numher of men, women, and children, in all 99 
persons, sums of 2s. 6d., It* Sd.^ 6d. respectively, how much was given 
altogether t 

8. d. 

99-^-3=33 2 « 

=: No. of each 1 6 

H 

4 6 = amount to 1 man, woman & child 
U 

2 9 6 = 11 

3 

£7 8 6= 33 



//. TO DIVIDE A COMPOUND QUANTITY BY ANT NUMBER. 

Rule, Write the dividend and divisor in a line, with a curved line be- 
tween them. 

Divide the number of the highest denomination by the divisor; the 
quotient is the first term of the quotient required. 

Change the remainder into a number of the next lower denomination. 
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add it to the number of that denomination in the dividend, and divide the 
sum by the divisor. 

Proceed in the same manner, till the whole dividend has been divided. 

Note, If the divisor be not greater than 12, or composed of factors not 
greater than 12, the division may be carried on in the method of short di- 
vision. If the divisor be greater than 12, and not composed of such 

factors, the division will be in the manner of long division. 

Examples. 

1. Divide £4063 : 9 : 10^ by 9. 

£. t. d. 

9)4063 9 10| 

Jnt. 451 9 11 1 — 2/. remainder 



2. Divide £768 : 11 : 3) by 28. 

£. «. d. 

C7)768 11 3i 
28 \ — ^^— — — — 
(4)109 15 lOi— 1. 

remainder. 



Jns, 27 8 111 



-3}=^^- 



3. Divide £6706416 : 18 : 10| by 5894. 

£. 8. d. £. 

5894)6706416 18 101(1137 
5894 



8124 
5894 

22301 
17682 

46196 
41258 

4938 
20 

5894)98778(16*. 
5894 

39838 
35364 



4474 
12 



5894)53698(9^. 
53046 



652 
4 

2610/. 

Ans. £1137 : 16 :9 Rem. 2610/. = £2 : 14 : 1^ 
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4. Divide 1087 tons lOcwt 1 qr. 15 lbs. by 196. 

tons. cwt. qr. lbs. 
7)1087 10 1 1.7 196 = 4X7X7. 



7)155 7 22— J ^ 
4)22 3 3 15—1 
Am, 5 10 3 24—3 



- 155 lbs. remainder. 



^. If 53 purses contaiu £4307 : 11 : 6, how much is in each, suppofdng 
all to contain the same ? 

53)4307 11 6(81£. 
424 



67 
5c; 



14 
20 

53)291(5*. 
265 



26 
12 

53)31S(6e/. 
318 



A)u. £81 : 5 : 6. 



///. TO MULTIPLY A COMPOUND QUANTITY BY A VULGAR FRACTION. 

Rule 1. Express the compound quantity as a fraction of some one 
denomination involved ; multiply by the multiplier, and express the result 
in positive terms. 

Rule 2. ' Multiply by the numerator of the fraction, and divide by the 
denominator. If the multiplier be a mixed number, multiply by the 
integer and fraction separately, and add the products. 

Note, The Ist method is preferable, when denominator is large; the 

2nd, when small. 

Example. 
MuUiply £8 : 17 : 10^ by 7f . 

5 
First method £8 : 17 : lOJ X 7— 

9 

7 68 143 68 
= £8 : 17-5. X ~ = £B— X — 

8 9 160 9 

1423 X 68 24191 

"" 160 X 9 "~ 360 

71 

= £67—. 

360 G 2 
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71 71 

£— = — «. 

360 18 


17 
= 3—*. 
16 


17 84 1 

18 3 3 

5 1 
.\ £8 : 17 : lOi X 7— = £67 : 3 : ll-rf. 

9 3 


Second method 


£. «. tf. 
8 17 lOJ 

7 


£. s, d. 
8 17 lOi 
5 


62 5 U=7 times the multip. 
4 18 9j-ft 


44 9 4}~5 times the multpd. 

9 

4 18 9|=4 


67 3 lU 





7F. TO MULTIPLY A COMPOUND QUANTITY BY A DECIMAL FRACTION. 

Rule. Convert the compound quantity into a decimal of one of its 
denominations, multiply by the multiplier, and express the result io. 
positive terms. 

If the multiplier be a recurring decimali it must be reduced to a vulgar 
fraction, and the operation performed by the last case. 

Example. 
Multiply 2 tons 3cwt. 2qrs. by 6.24375. 

2.000 qrs. 



3.500 cwt 



2,0 



2.175 tons. 



6.24375 
2.175 

3121875 
4370625 
624375 
1248750 

» — — 

13.58015625 tons. 
20 



11.60312500 cwt. 
4 



2.412500 qrs. 
28 



33000 
8250 

11.6500 lbs. 
16 



Ans. 13 tons. 11 cwt. 2 qrs. 11 lbs. 8f oz. 8.80 oz. 
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V. TO DIVIDE A COMPOUND QUANTITY BY A VULGAR FRACTION. 

Rule. If the divisor be a mixed number, reduce it to an improper 
fraction. Invert the divisor, and multiply by the resulting fraction. 

Example. 
Divide 13cwt. 3 qrs. llflbs. by 7t. 

228/ 2 \ 2 ( 2^3 

7— = — : -! 13 cwt. 3 qrs. U— lbs. l ~ 7— = < 13 cwt. 3qT8. 11— lbs. \ X— • 
331 5J*3( 5j 23 



f 67 ) 3 

=-{13 cwt. 3 — qrs. V X— 
t 120 j 23 



417 3 

= 13 — cwt. X — 

480 23 



6657 X 3 m57 

z=. cwt. = cwt 

480 X 23 3680 

2977 

= 1 cwt 

3680 

29/7 2977 217 

cwt.zi qrs. = 3 — qrs. 

3680 920 920 

217 1519 139 

— qrs. =: lbs. = 6 — • lbs. 

920 230 230 

2 2 139 

.-. 13cwt Sqrs. 11— lbs. -^ 7-—= 1 cwt 3qrs. 6 — Iba. 

5 3 230 

VL TO DIVIDE A COMPOUND QUANTITY BT A DECIMAL FRACTION. 

Rule, Convert the compound quantity into a decimal of one of its de- 
nominations ; divide by the divisor, and express the result in positive terms. 
If the divisor be a recurring decimal, it mnst be reduced to a vulgar 
fraction, and the division performed by the last case. 

Example. 
Divide £180 : 15 : 111 by 25.375. 

4)1.0000/. 



12)11.2500 (/. 




20)15.9375*. 

5)i80.79687.j£. 
177625 


(7.125 £. 
20 


31718 
25375 


2.500 *. 
12 


63437 
50750 


6.0 i. 


126875 
126875 






Ans. £7:2:6. 
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VI. PRACTICE. 

Dtf, 1. A quantity which is contained an exact number of times in 
another, and which is therefore expressible in terms of it by a fraction with 
numerator 1, is called an aliquot part of it 

D^, 2. Practice is a Rule, which by a combination of Multiplication 
and Division of compound quantities, enables us to find the cost of a 
quantity of goods in the most expeditious manner. 

y. WHEN THE QUANTITY OF GOODS IS EXPRESSED BY A SIMPLE NUMBER, 

THE PRICE OF ONE BEING GIVEN. 

Rule^\, If the price be an aliquot part of£l, or 1«. take the aame part 
of the number of articles, the quotient will be pounds or shillings as the 
aliquot part may be, which, if possible, must be expressed in higher terms. 

2. If the price be not an aliquot part of any denomination, and less than 
jgl, divide it into parts, each of which is an aliquot part of £1, or 1<. or of 
any of those which have preceded it ; find the value of the goods on the 
supposition of each of these being the price, and add the several results. 

3. If the price be greater than £!, multiply by the number of pounds, 
and divide the lower denominations into parts as in the last case. 

//. WHEN THE QUANTITY OF GOODS IS NOT EXPRESSED BY A SIMPLE 

NUMBER. 

Rule — 1. If the quantity of the goods be expressed by a mixed number, 
calculate for the whole numher as before, and for the fraction by the Rule 
for multiplying a compound quantity by a fraction. 

2. If the quantity of goods be expressed by a compound number, mul- 
tiply the price of one of the highest denomination by the number in the 
highest denomination, and find the prices of the lower denominations by 
means of aliquot parts. The sum of these several results will be the 

price required. 

Examples. 

1. Find the cost of 2066 at \\d. 

8. d. 
2066 = cost of goods at U. 

lirf. = i*. — 26,8 3= \\d. 

2,0 

£12 18i7. Zd. Arts. 



2. Find the cost of 9709 at 158. Sd. 



£. 9. d, £. 9. d, 

9709 = cost at ] 



I0*. = *£. 
5*. =lt of 10*. 
6£{.=:^ of5«. 



4854 10 = 10 

2427 5 0= 060 

242 14 6 = 6 



Ana. £7524 9 6= ...... 16 6 



ARITHMETICAC RULES AND EXAMPLES. 



69 



3. Find the cost of 2864 at £4 : 13 : 10}. 

£, «. d, £, 8. d. 

2864 = cost at 1 
4 




of 109. 

of 10«. 
of6<^. 



11456 0= 400 

1432 0= 10 

474 = 8 4 

71 13 0= 6 

5 19 4= 0.^ 



£13439 11 4= 4 13 10^ 



4. Find the cost of 2515i»3 at £3:16: 4|. 

£. 8, d. £ 8. d. 

2515 = cost of 2515 at 1 
3 



10*. =i£. 
Ss, =tofl09. 
U.3£f. = |of5«. 
l^ =: ^ of U.3d, 



7545 = 3 

1262 10 = 10 

ft26 5 = 5 

156 11 3 = 1 3 

13 11|= li 



£9593 7 2|= 3 16 4| 



£. 8. d. 

3 16 4| =: cost of 1 
9 



13)34 7 2i = 



9 



2 12 1(^5= A 

9593 7 2|= 2515 

9596 Oii= 2515^. 



5. Find the cost of 8 cwt. 2qrs. 6 lbs. at £3 : 12 : 8 per cwt. 

£. 8. d. cwt. qrs. lbs. 

5 12 8 = cost of 10 
8 



2 qrs. 
4 lbs. 
2 lbs. 



6. Find the rent of 1 acre 1 ro. 25 po. at 7«. 6^d. per rood. 

£. 8. d. ac. ro. po. 

7 6.^ = rent of 1 
4 



\ cwt. 

'h of 2 qis 

.} of 4 lbs. 


45 1 
2 16 
4 
2 


TP —t ... 
T — ^. ... 

0f^/.=.... 

oM.=.... 

• • 


8 




8 



2 






4 
2 


i 


648 3 


Oy ^ • • • • 


2 


6 



20 po. 
5po. 



Jro. 

f of20po. 



1 10 2 = 1 

7 6J = 1 

3 9l = 20 

lli%= 5 



£2 2 5i»^= 1 1 26 
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7. 



Find the cost of 5416 at £7 : 4 : 9^. 

jf. 9, d. ^. 

5416 = cost at I 

7 



8, d, 




4f. 


= j^£. 


6d, 


= tof4». 


Sd. 


= iof6rf. 


id. 


= Iof3rf. 


id. 


=zlo{3d. 



37912 0= 7 

1083 4 0= 4 

135 8 0= 6 



67 14 = 
11 5 8 = 








S 




7 10 5J=f 



^39217 2 U= 7 4 9f 



8. 



Find the cost of 4216 at j^3 : 3 : IH. 

£, s» d» £. t. d, 

4216 Ozreost at 1 
3 

1264« 0= 8 

4». = J£. 843 4 0= 4 

13491 4 0= 3 4 

|</. = ^of4f. 8 15 8= 0} 

£13482 8 4 = 3 lU 



9. Find the rent of 38 ac. 3 ro. 35 po. at j^I : 11 : 8^ per acre. 

£. 8. d, 

1 11 8^ = rent of 1 acre 
9 

14 5 4^ =: 9 acres 

4 

57 1 6 =r 36 acres 

4 15 \}i z=. 3 acres 

61 16 1\ = 89 acres 

5po. =:/^ac ll|i= 5 po. 

£%\ 15 7p^ = 38 ac. 3 ro. 35 po. 



Note, Sometimes it may shorten the process to calculate as for a greater 
price than that given, and to subtract the cost at the difference of price as 
in Example 8 ; or to calculate for a greater amount, and to subtract the 
cost of the difference in amount, as in Example 9. Thus it is easier, in 
calculating the cost of goods at 11}^. to find the cost at As. and subtract 
the cost at ^<f. than to find the cost at 11}^. directly: and it is easier to 
find the cost of 141bs. and subtract that of loz. than to find the cost of 
I31bs. 15oz. 
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VII. SIMPLE PROPORTION OR RULE OF THREE. 

In questions of Simple Proportion, quantities of two different kinds are 
involved, which vary either directly or inversely, as each other. 

Corresponding values (one of each) of these quantities are civen, and a 
second value of one of them ; and it is required to find the corresponding 
value of the other. 

This is effected hy the Rule of Three, so called, because three quantities 
are given io find a fourth. 

Rule — 1. Put that quantity for the third term, which is of the same kind 
with the answer. 

2. Put that quantity, which is connected with the third term, as being 
the value corresponding to the value of the. third term, for the first or 
second term, according as the quantities vary directly or inversely as 
each other. 
« 3. Put the remaining quantity for the other term. 

4. Reduce the first and second terms to the same denommation, and 
the third to any denomination, or not at all, as may be most convenient 

6. If the first and second, or the first and third, terms have any com- 
mon divisor, divide them by it 

6. Multiply the second and third terms together, and divide the product 
by the first 

7' The quotient will be the answer required, in the denomination to 
which the third term was reiluced, and must be expressed, if possible, in 
higher terms. 

EXAMPLStt. 

1. What cost 39 yards of silk at £Z^ 16 : 7 for 13 yards. 

}ds. yds. £, s. d. 
As 13 : 39 : : 8 16 7 : Ans, 

or As 1 : 8 : : 3 16 7 

3 



jell 9 9 Jns. 



2. If 17^ lbs. of sugar cost (is. 6|c/. what cost 13 cwt. 1 qr. 11 lbs. ? 

lbs. cwt. qr. lbs. s. d. 

As 17^ : 13 1 11 :: 6 6| : Ans. 

2 4 12 

35hf.-lbs.53qr8. 7Sd. 

— 28 4 

425 315/a. 

107 



1495 lbs. 
2 

2990hf..lbs. 
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or 


As 


35 


• 
• 


2990 


• • 

• • 


far. 
315 


• 
• 


Ans, 


or 


As 


1 


• 
• 


2990 
9 


• • 

• • 


9 


• 
• 


All8. 



4)-26910/a. 
12)6727 rf.— 2/a. 
2,0)56,0».— 7rf. 

28 £. Ant. jB^rO: 7§. 



4. The expenses of a parish are £'254: 10 : 10^ and the rental is £3054 : 10 : 6, 
how much in the pound must he levied to pay it ? 



Ans. 



£, s. d. 
3054 10 6 
20 


£. 

1 : : 
20 

208. 
2 

40-6rf. 
12218] 


£. 8. d, 

254 10 10^ 
20 


61090«. 
2 


50908. 
12 


122181 — 6rf. 


61090 J. 
4 






244362/. 
40 




[)9774480(80/. 
977448 • 


J*,ii RO /* — 1 « 






4. If 8 men occupy 9 days in mowing 24 acres, how many days will 18 
men occupy in doing the same work ? 



men 
As 18 


men 
8 


days 
9 : 


Ans. 


\s 1 




1 


4 days =: Ans. 



5. If the penny loaf weighs 6 oz. 15 drs. when wheat is at 78. Gd^^ what 
ought it to weigh when wheat is at Ss. Bd. per bushel ? 



Ans. 



8. d. 
As 5 3 : 
4 


8. d. 

7 6 :: 

4 


oz. drs. 
6 15 


21— 3</'*. 


30— 3<fs. 


oz. drs. 


or As 7 : 


10 . :: 


6 15 
10 



7)69 6 



Ans. 



9 Hf. Ans. 
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6. How many yards of drugget 3| yds. wide will cover a room 50 yds. 

by 35? 

yds. yds. yds. 

As 3| : 35 : : 50 : Jns. 

2 2 

7 ■- i-yds. 70 — i-yds. 

or As 1 10 : : " 50 : Am, 

10 

500 yds. Ans, 



7. The papering of a room 13| ft. high, and 30 yds. round, cost £2:0:6 
what will be the cost of papering a room 10 ft. high, and 20 yds. round? 

27 
Area of paper of 1st room = — X 90 sq. ft. = 1215 sq. ft. 

2 

2nd = 10 X 608q. ft. = 600 sq. ft. 

sq.ft. sq.ft 

As 1215 : 600 :: 2 6 : Ans. 



£, 


8. 


d. 




2 





6 


m 
• 


20 








40 «. 






2 








81- 


— 1 


Sd. 




6rf7" 








1 


• 
• 




Ant* 



or As 1 40 

.'. Ant. =: 40 sixpences 
= £1. 

8. If j^ of an estate be wortb £1600, wbat will j/^ of the same be worth ? 

9 3 £, 

As — — 1«00 Ana. 

10 25 

3 9 
.-. Ans. = £— X 1500 ^ — 

25 10 

3 X 1500 X 10 

= £ = 1 X 20 X 10£. 

25X9 
= £200. 

9. In what time can a man reap a field working 10} hours a day, if he 
occc^pies 3f days in reaping it, when he works 12| hours a day? 

hrs. hrs. days. 

2 8 5 

As 10— : 12— :: 3— : Aum, 

3 4 6 

8 6 2 

.-. An9, = 12— X 3 r 10— days 

4 6 3 

H 
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51 23 8 
= -X — X — days 
4 6 32 

1173 

= days 

256 

149 
= 4— days. 
256 

10. How many yards may be bought for £12 : 12 : if 7| yards cost 
19«. 4|</. ? 

£12 : 12 : = £12.6 7|yds. = 7.76 yds. 

19«. : ^ = £.96875. 

As £.96875 : £12.6 :: 7.75yds. Aru. 

12.6 

4650 
9300 



.96875)97.650(100.8 yds. 
96 875 



Ans, lOOf yds. 



775000 
775000 

• ■ • t 



VIII. COMPOUND PROPORTION. 

In questions of Compound Proportion, sereral quantities of different 
kinds are involyed, which are all connected with another quantity in such 
a manner, that they each vary directly or inversely as this other, when all 
the rest are supposed to remain unaltered. 

Certain values of the first-mentioned quantities, and the corresponding 
value of the last-mentioned, are given, and also other values of the first, 
from which it is required to find the corresponding value of the last. 

This is effected by the Rule of Compound Proportion, so called, because 
several proportions are compounded to form a Simple Proportion for the 
solution of the question. 

Rule — 1. Put that quantity for the 3rd term of a Proportion, which is 
of the same kind with the answer required. 

2. Take any pair of quantities of the same kind, and state them as the 
Ist and 2nd terms of the Proportion, precisely as though the answer de- 
pended entirely on them. 

3. Take any other pair of quantities of the same kind, and state them 
as the 1st and 2nd terms of another Proportion, as though the answer 
depended entirely on them. 
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4. Proceed in the same manner with every pair of quantities. 

5. Reduce the 1st and 2nd terms of each Proportion to the same name. 

6. Multiply together all the 1st terms, and all the 2nd terms; make 
these respectiyely the 1st and 2nd terms of another Proportion, and put 
for the 3rd term the same as hefore. 

7. Solve this Proportion as in Simple Proportion^ the result will be the 
answer required. 

Examples. 

1. If a man travel 126 miles in 5 days, walking 10 hours a day, in how 
many days would he travel 756 miles, walking 9 hours a day ? 

9 hours : 10 hours ) . j 

126 miles : 756 miles f ''' ^ ^*y« 

.\ 9X126 : 10X756 :: 5days : Ans. 

or 9 : 60 : : 5 days : yJns. 

6 

9)300 

33| jins. 33| days. 

2. If £879 : 3 : 4 gain igl7 : 11 : 8 in 5 months, what sum will gain £20 
in 10 months? 



or 



lOmos. : 5mo8.1 
£17:11:8 : £20 / 


: : £879 : 3 : 


2:1 \ 

W : 20 f 


£879J 


H^ : 20 


: : £879J 


20 X 879J 
.-. jins, = £. 

20 X 5276 
= £ = £500. 



j4ns. 



211 

3. If 20 men, working 12 hours a day, earn £54 : 7 : 6 in 15 days, how 
many days of 9 hours each must 27 men work to earn £163 : 2 : 6 ? 



I :: 15 



27 men : 20 men 
9 hours : 12 hours V : : 15 days 
5^£ : 163|£ 

435 1305 

.-. 27X9X : 20X12X : : 15 days : Jns, 

8 8 

or 27 : 20X4 :: 15 days : Jns. 

20X4X15 
.'. ^ns. = .^— — ^— days 

27 

400 4 

= days = 44 — days. 

9 9 
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IX. INTEREST. 

Dtf. 1. Interest is money, paid for the use of other money lent for a 
fixed time, at a given rate for every 4100 for one year, called the rate 
per cent. 

De/*. 2. The sum lent is called the Principal. 

Def- 3. When the Interest, being paid at fixed periods, is calculated 
onl^ on the Principal, it is called Simple Interest. 

D^. 4. When the Interest, being left unpaid, is added to the Principal 
at fixed periods, and with it bears interest for the future, it is called Com- 
pound Interest. 

Dff. 5, Tlie sum of Principal and Interest is the Amount. 

D^. 6. Discount is an abatement made from a debt in consideration of 
its being paid before it is legally due. 

D^. 7. The present worth of a sum of money, due at a certain time, is 
the difierence between the Principal and IMscount, or is the sum, which, 
put out to interest for the given time, would amount to the given sum. 

A. — Simple Interest, 

I. TO FIND THE INTEREST DUE ON A GIVEN PRINCIPAL AT A GIVEN 
RATE PER CENT. FOR A GIVEN TIME. 

Rule 1. If the time be an exact number of years, multiply the Prin- 
cipal by the rate per cent, and the product by the number of years ; divide 
the result by 100; the quotient will be the interest required. 

Rttle 2. If the time be a number of years and months, reduce the time 
to months, and calculate interest as for an equal number of years ; divide 
the result by 12, the quotient is the interest required. 

Rule 3. If the time be a number of years and days, calculate the inter- 
est for 1 year, multiply this bjr the number of days, and divide by 360 ; 
subtract from the result its 1 — 72nd part; the remainder will be the 
interest for the number of days nearly. If a further correction be required, 
add 1 — 72nd part of the former one. If the calculation be conducted by 
decimals, (which in most instances is desirable and sufficiently accurate,) 
multiply the interest for one year by 1 — 5th of the number of days, and 
divide by 73, or by 72, applying the same correction as before. Having 
thus found the interest for the days, add that for the years. 

Rule 4. To calculate the interest upon partial payments or an account 
current, multiply each sum, which lies at interest, by the number of days ; 
add the products ; multiply the sum by twice the rate per cent ; divide the 
product by 73000. 

Note. The division by 73 may be shortly eifected thus i^Rufe. Take 
1— 100th of the dividend, 1— 3rd this result, 1— 10th of this third, and 
1— lOth of this tenth. Add these results, and subtract from the sum 
.001 for every ten. To divide by 73000, take 1— 100000th of the dividend, 
and proceed in the same way as before. 
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Examples. 
]. Find the interest on £630 : 15 : for 6 years at 4 per cent. 

£. s. d, 
630 15 = Principal 

4 = Rate per cent 

2523 0=: Interest for 1 year at £400 per cent. 
6 

1 00)151,38 0= Interest for 6 years 

20 

7.60 «. 
12 

7.20 rf. 

Interest for 6 years at £4 per cent =: £151 : 7 : 7i. ^im. 

3. Vmd the interest on £2200 : 10 : 6 for 4 years 9 months at 5| per cent 

£. 9, d, 
4yT8.9nso.=r57mo. 2500 10 6 = Principal (P) 

5^ =: Rate per cent. 

12502 12 6 
PXi= 1250 5 3 

(I) 13752 17 9 = Int for 1 year at £550 per cent 

9 

123775 19 9 =r Int for 9 years 

6 

742655 18 6 = Int for 54 years 

1X3=: 41258 13 3 = Int. for 3 years 

100)7839.14 11 9 = Int for 57 years ,.. 

20 

291 «. 
12 

WM d. 

£. *. d. 
12)7839 2 1 1 .01 = Int for 67 years at 5^ per cent 

£653 5 2.9l75= :Tnt for 67 months 

3. Find the interest on £742 : 13 : 4 for 175 days at 5| per cent. 
£. 8. d. 

742 13 4= Principal (P) 
5}=: Rate per cent. 

8713 6 8 
PXi 185 13 4 

100)38.99 z= Int for 1 year at iS525 per cent. 
20 

19.80 8. 
12 

9.60 d. H 2 



78 ARITRMBTlCAt ItVLSS AND BXAMPLBS. 

£. s, d. 
175 = 5 X ^ X 7 ^ 19 9.6= Int for 1 year at 5\ per cent. 

5 

194 19 =: lot for 5 years 

5 

974 15 = Int. for 25 years 

7 

( 6)6823 5 0= Int. for 175 years 

mil 

(60)113,7 4 2 



72/ 



6)18 19 0| = Int. for 173 days nearly 
12)3 3 23«6 

5 8/jfa Correction. 
£18 13 9f|| Am. 

4. Find the interest on £955 : 10 : 6 for 6 years 275 days at 5| per cent 

£955 : 10 : 6 = £955.525. i X 275 days =^ Bo days 

1 3 

— X 5— '= .056. 

100 5 

955.525£ = Principal 

.056 = Int of £1 

5733150 
4777625 

53.509400 =r Int on Principal for 1 year 
11 

588.603400 
5 

73)2943.017000 ( 40.dl53£ = Int for 275 days 
292 321.0564£ = Int for 6 years 

230 361.3717£ = Int for 6 years 275 days 
219 

^1 
73 

~387 
365 

220 

219 

1 Ans. £361 : 7 : 5). 
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5. Find the interest on £1056 : 15 : 6 for 2 years 89 days at 31 per cent. 

£1056 : 15 : 6 = £1056.775 = Principal 

1*0 X 3i = .0325 = Int ot £1 for I year 

6283875 
2113550 
3170325 



34.3451875 =: Int. of Principal for 1 year 
JX89 = 17.8 

2747615000 
5838681875 



72 



( 6)611.34433750 



(12)101.890722916 
r 6;8.490893576 = Int for 89 days nearly 



(12)1.415148929 



.117929077 = Correction 



8.372964499 = Corrected int. for 89 days 
68.6903750 = Int. for 2 years 

£77.063339499 = Int for 2 years 89 days. 

Jtu. £77 : 1 : Si. ~ 

6. Find the interest on £10765 : 10 : for 25 years 333 days at 4 per cent 

£10765 : 10 : = £10765.5 = Principal 
1^0 = 04 = Int of £1 

430.620 = Int of Principal for 1 year 
I X 833 = 66.6 

2583720 
2583720 
2583720 



( 6)28679.2920 

72-1 

( 12)4779.8820 

6)398.3235 = Iutfor333day8nearly(A) 
72' 



'{ 



12)66.3872 



.5322 = Ist correction (B) 

72' 



{6)5.5322 

12).9220 



.0768 = 2nd correction (C) 
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£398.3235 = A 
5.5322 = B 



£392.7913 = A-B 
.0768 = C 



£892.8681 = A — B + C = Int. for 383 days 
10765.5 = Int. for 25 yean 

£1 1 158.3681 = Int. for 25 yra. 333 da. 



^fi«. £11158:7:41 

7. The same example worked by the short rule for division by 73. 

£10765 : 10 : = £10765.5 = Principal 
iJo = -0* = Int. of £1 



430.620 = Int of Principal for 1 year 
i X 333 = 66.6 

2583720 
2583720 
25837-20 



28679.2920 = A. 




286.79292 = B. 
95.69764 = C. 
9.56976 = D. 
.95597 



£392.90630 

.040 = Correction 



£392.8663 =: Int. for 333 days 
£10765.5 = Int. for 25 years 

£11158.3663 = Int for 25 years 333 days 



^fi#. £11158:7:4. 

8. A bill of £2000 became due on March 31, of which £500 was paid on 
May 25, £700 on July 31, £500 on Sept 30, and the balance on Dec. 31 ; 
how much interest was then due at 4 per cent? and what was the last pay- 
ment? 

£. products 

MarchSl Due 2000X^5 = 110000 
May 25 Paid 500 

Bal. 1500 X 67 = 100500 
July 31 Paid 700 

Bal. 800X61= 48800 
Sept SO Paid 500 

Bal. 300X92= 27600 

286900 Sum of products 
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286900 Sum of products 
8 Twice rate 



Product divided by lOOOOO = 22.9.5200 

\ = 7.65066 

^ = .76505 

i\ = .07650 



31. 44422 

.00300 Correction 



3]. 44122 



Int. due Bee. 31 £31 : 8 : 10 
Principal 300 : : 

Last payment .. £331 : 8 ; 10 



9. Required the interest on the following account current, up to Dec. 31, 
at 4§ per cent. 

Dr. ' John Cole in account current with Richard Owen. Cr. « 

£ £, 



June 24 To goods .... 560 

Aug. 25 To cash 360 

Sept 29 To cash 200 

Nov. 30 To goods .... 150 



July 31 By cash 300 
Sept. 25 By goods 450 
Nov. 30 By cash 500 



Dr. £. £. 6V. 



June 24 To 560 X 190 = 106400 

Aug. 25 To 360 X 128 = 46080 

Sept 29 To 200 X 93 = 18600 

Nov. 30 To 150 X 31 = 4650 



July 31 By 300 X 153 = 45900 
Sept 25 By 450 X 97 = 43660 
Nov. 30 By 500 X SI = 15500 



Dr. products.... =175730 Cr. products = 105050 

Cr =105060 



Diff. = 70680 

9 twice rate 



Prodact divided by 100000 = 6.36120 

i = 2.12040 
= .21204 
= .02120 



k 



8.71484 
= £8 : 14 : 3 J Interest due by Cole. 



//. TO FIND THE AMOUNT OF A GIVEN SUM AT A GIVEN RATE FOR 

A GIVEN TIME. 

Rule. Calculate the interest by the preceding Rule, and add to it the 
principal. 

11[, TO FIND THE TIME IN WHICH THE INTEREST ON A GIVEN 
PRINCIPAL WILL AMOUNT TO A GIVEN SUM. 
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Rule. Calculate the interest for 1 year, and find the ratio of the given 
interest to this ; the result will be the number of years required. 

If the amount be given, instead of the interest, subtract the principal, 
thus obtaining the interest, and proceed as before. 

Example. 

Find the time in which the interest on £760 : 10 : will amount to 
£712 : 19 : 6 at 4| per cent- 

£760 : 10 : = £760.5 = Principal 
lio X 41 = .0475 = Int. of £1 









37525 














52535 










• 




30020 


^ 


Int. for 1 year. 






85.64875 




£712: 


19 


:6 = 


£712.975 


r^T- 


Given interest 




712.975 


= 


20. 




• 


No. of years = 


20. 


35.64876 



IF. TO FIND THE RATE PER CENT. AT WHICH THE INTEREST ON A GIVEN 
PRINCIPAL WILL AMOUNT TO A GIVEN SUM IN A GIVEN TIME. 

Rule. Calculate the interest for the given time at 1 per cent, and find 
the ratio of the given interest to this ; the result will be the rate required. 

If the amount be given, instead of the interest, subtract the principal, so 
obtaining the interest, and proceed as before. 

Example. 
Find at what rate per cent. £755 will amount to £1132 : 10 : in 10 years. 

£ 1182.5 = Amount. Int. at 1 per cent. = £7.55 X 10 

£755 = Principal =£75.6 

£377.5 = Interest 



377.5 

= 5. j^ns, 5 per cent 

75.6 



V. TO FIND WHAT PRINCIPAL WILL AMOUNT TO A GIVEN SUM AT A 
GIVEN RATE IN A GIVEN TIME, OR TO FIND THE PRESENT WORTH OF A 
GIVEN SUM. 

Rule. Calculate the amount of £1 for the given time at the ^ven rate, 
and find the ratio of the given amount to this ; the result will be the prin- 
cipal required in pounds. 

If the interest be given, find the interest on £1, and proceed as before. 
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Example. 

Find what sum will amount to £1 137 : 10 : in 2f yean at 5 per cent 

Interest on £1 for 2| years =r .05 X V£ = .1375£. 

Amountof£l = 1.1375£. 

Amount given = ]137.5£. 

1137.5 

= 1000. 

An*. £1000. 1.1375 

B» — Compound Interest, 

J. TO FIND THE AMOUNT OF A GIVEN PRINCIPAL AT A GIVEN RATE 
COMPOUND INTEREST FOR A GIVEN NUMBER OF TERMS. 

Ruie. Find the amount of £1 for 1 term in decimals of £1 ; raise this to 
a power equal to the number of terms, and multiply the principal by the 
result. 

II, TO FIND THE COMPOUND INTEREST ON A GIVEN PRINCIPAL. 

Rule. Find the amount (by preceding rule) and subtract the principal. 

Example. 
Find the amount of £1066 : 13 : 4 for 3 years at 3| per cent compound 

mtttest. 

Amount of £1 for 1 year = £-<14. — }- = 1.0375«. 

I looj 

1.037500 
57301 



1037500 

31125 

7263 

519 

1.076408 
57301 

1076406 
32292 * 
7535 
538 

1.116773 
1066i 

6700638 
6700638 
11167730 
744515 

1191.224533 £. 

Ans. £1191 : 4 : 6 nearly. 



84 ARITHMETICAL BULBS AND EXAMPLES. 

111. TO FIND THE PRINCIPAL) WHICH AT COMPOUND INTEREST FOR 
A GIVEN NUMBER OF TERMS WILL AMOUNT TO A GIYEN SUM. 

Rule, Find the amount of £1 for 1 term in decimals of £1 ; raise this to 
a power equal to the number of terms ; and divide the given amount by the 
result. 

If the interest be given instead of the amount, add the principal, so ob- 
taining the amount, and proceed as before. 

Example. 
What sum lent out at compound interest at tiie rate of 4 per cent, will 
amount to £2050 : 10 : 8 in 3 years ? 

Amount of £1 for I year = 1.04£. 

Given amount =: £2050 : 10 : 8 = £2050.5^ 

1.04 
1.04 

416 
1040 



1X)8]6 
1.04 

43264 
108160 



1.1,2,4,8,6,4 } 2050.5S3333(1822.916668£. 
1124 864 



9256693 
8998912 



2677813 
2249728 

3280853 
2249728 

1031125 
1012378 

18747 
11249 



7498 
6749 

749 
674 



75 
67 

8 
8 



Am. £1822 : 18 : 4. 
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X. DISCOUNT. 



TO FIND THE TRUE DISCOUNT ON A DEBT DUE AT A GIVEN TIME. 

Rule 1. Find the present worth of the deht, and subtract it from the debt; 
the difference is the discount. 

Rule 2. Find the interest on the debt for the given time, and also the 
amount of £1 for the given time ; the ratio of the former to the latter is the 
discount in pounds. 

Examples. 

L Find the discount on £845 : 16 : 4 due in 2 years, 8 months, at 4| 
per cent, per annum. 

f 8 17 ) 
Amount of ^1 for 2 yrs. 8 mo. = < 1 A — X — J-^. 

t 3 400 j 

( 1.36) 

Amount of debt = £845.816. 

1. 1 13338333)845.8166666(759.7155693£. 
7793333331 



664833335 
656666666 

108166669 
100200000 

7966669 
7793333 

173336 
111333 

62003 
65666 



£, 8. d. 
Amount ofdebtrr 845 16 4 
Present worth = 759 14 4 nearly 



Discount 



= 86 2 



6337 
5566 

771 
668 

103 
100 

3 
3 



Ans. £86: 2 : 0. 
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2. The same example worked by Rule 2. 

Amount of £1 for 2yrB. 8mo. = 1.118£. 
Interest on debt = 846.816 X -HS^. 

845.816666 
833 333311 



845816667 

84581667 

25374500 

2537450 

253745 

25374 

2537 

254 

25 



1.1133d333)95.85922I9(86.101097£. 
890666666 



67925553 
66800000 

1126553 
1113333 

12220 
11133 



1087 
1012 



75 
77 



Jfu, £86 : 2 : nearly. 



3. The same example worked by the exact method. 
£. 8. d, £* «. d, 

846 16 4 = Prindpal 4 5 = Int. of £100 for 1 year 

4|= Rate 8i= No. of years 

12 15 
18 4 



3383 
211 


5 
9 


4 

1 


3594 


14 


5 
8- 


10784 
1198 


3 

4 


3 
9f 


95.85 
20 


18 


5i 



116 8 = Int. of £100 for 2| years 
8— i = No. of yi«. 100 



1.11 6 8 = Amount. 
20 

2.26 «. 
12 



17.18 #. 3.20 d. 
12 

2.21 d. 
3 

.64 — Srdsof ]</. 
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1 2 
20 

22 «. 
12 


. d, 
3| = Amoi 

6Ui8 of Id 


£. 
mtof£i 95 

20 

1917*. 
12 


B. d. 

17 2}% = Int 

- 75th8 of Id, 


on debt 


267 rf. 
75 

1S36 
1869 
15 


29006 </. 
75 

1150S0 
161042 
16 




20040 — 7 


1726466- 






20040)1725466(86£. 
160320 






122266 
120240 






2026 
20 






20040)40520(2 *. 
40080 






440 
12 





5280 



Jns, £86 : 2 : OM* 



XT. COMMISSION, BROKERAGE, INSURANCE. 

Def, 1. Commission is an allowance of so much per cent made to an 
agent for buying or selling goods for his employer on the price of the goods 
sold. 

D^. 2. Brokerage is an allowance of so much per cent made to brokers 
for asttstingin the transference of property. 

Def, 3. Insurance is a contract by which one person, or company, un- 
dertakes to make good the loss of another person, on consideration of the 
latter paying a certain sum, called the premium, which is so much per 
cent, on the sum insured. 

When a third person is employed to effect the insurance, commission is 
charged ; and in all cases a duty is payable to Government. 

/. TO FIND THE COMMISSION, OR BROKERAGE, ON A GIVEN SUM. 

Rule. Express the rate per cent in terms of £1, multiply the given sum 
by it, and divide by 100. If the rate per cent, be less than £1, the mul- 
tiplication may be effected by aliquot parts. 
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Examples. 
1. Find the commission on £572 : 4 : 6| at 12| per cent 





£. 8. 

572 4 


d. 


(a) 


aXi = 


6866 14 
286 2 


3 
3i 






71,52 16 
20 


6i 






11,56 8. 
12 








6,78 d, 
8 







6,25 v.-/. ^ns. £71 : 11 : 6|rf. i^. 



2. Find the brokerage on £456 : 7 : 6 at | per cent. 

£.' #. d, 
456 7 6 .... (a) 



aXi 
aXl 


228 3 9 
114 1 10} 




3,42 5 7i 
20 




8,45 8. 
12 




5,47 rf. 
4 



1,90/. jin8. £3:8: 5|rf. ^,f. 

3. An agent is allowed a commission of 6 per cent, for selling goods, 
and guaranteeing the debts to his employer. His sales in a year amoant to 
£23456 : 13 : 4; his losses by bad debts, &c. to £643 : 10 : ; his expenses 
in business to £103 : 17 : 8 ; what is his nett annual income ? 



£. 
23455 


i, 
13 


d, 
4 
6 


1407,84 
20 








6,80 « 
12 


• 





9,60 d. 
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£. 8. d, 
Comniissioii. . . . = 1407 6 



Losses = 543 10 

Expenses =r 103 17 8 

Total charges.. = 647 7 8 

Nett income .. = 759 19 If 

//. TO FIND THE EXPENSE OP INSURING A GIVEN SUM. 

Ruie. Calculate the expense as in Commission, adding to the rate of 
premium that of Commission (if any) and of the stamp duty. 

III. TO FIND WHAT SUM MUST BE INSURED TO COVER A GIVEN SUM 

AND ALL EXPENSES OF INSURANCE. 

Rule. Suhtract the sum of premium, commission, and stamp duty on 
£100, from £100; and state a proportion thus ; As this remainder is to the 
given sum, so is £100 to the answer. 

Examples. 

1. Find the expense of insuring goods to the amount of £2364 : 15:0, 
at a premium of 4| per cent. ; commission f per cent. ; policy duty ^ per 
cent. 

Rate of premium . . . . = £4J per cent. 

„ commission.. = £ f 

^» , duty =£ i 

Total rate of expenses = £5| ,. 

£. s. tL 
2364 15 = Sum insured 
5}= Rate 

11823 15 
591 3 9 

124,14 18 9 
20 

2,98 «. 
12 

11,85 </. 

4 

3,20/. j4ns, £124:2:111. 

2. Find what sum must be insured to cover £3540 : 16 : at a premium 
of 3} per cent. ; commission | per cent ; duty | per cent. 

Rate of premium. . . . = £3.5 per cent 
„ commission . . = £ .75 .... 

„ duty :=£.125.... 

Total rate of expenses. . = £4.375. . . . 

I 2 
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£100 — £4.375 = £95.625 £3540 : 16 : = £3540.& 

As £95.625 £3540.8 :: £100 : ^n». 

100 



95.625)354O80(S702.7974£. 
286875 



672050 
669375 

267500 
191250 

76250 
66937 

9313 
8606 

"w 

669 

38 
38 



Ans. £3702 : 15 : 11|. 



XII. STOCKS. 



Dif, 1. Stock is the name given to certain bonds issued by a company 
or government, in acknowledgment of a debt to the holder, which bonds 
entitle the holder either to receive a fixed rate of interest, or to share in the 
gross profits of the company, in proportion to the amount of the bond. 

Drf, 2. The amount of the bonds is called the Funds. 

Drf. 3. If the saleable price of a bond be its nominal value, the stock is 
said to be at par, and it is said to be above, or below psr, or— at a premium 
or discount^according as its price is above or below this value. 

Note— In buying and selling stock, the assistance of a Broker is required ; 
the brokerage charge is ^ per cent. 

/. TO FrND THE COST OF A GIVEN AMOUNT OF STOCK AT A GIVEN 

PRICE. 

Rtile, Multiply the given stock by the number of pounds in the price, 
and divide the product by 100. 
To estimate the total cost, the brokersge must be added to the price. 

Example. 
What sum of money will purchase £2675 stock in the 4| per cents, at 
91} ? Brokerage i per cent. 
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91 



Cost per cent = (£91| 4i) = £9]§ = £91.5 

Amount of stock = £267''> 

91.5 



13375 
2675 
24075 



Product divided by 100 = £2447.625 



Ans. £2447 : 12 : 6. 



II, TO FIND HOW MUCH STOCK CAN BB PURCHASED FOR A GIVEN SUM. 

Rule, State a proportion thus: As the price of £100 is to the given sum, 
so is £100 to the answer. 

Example. 

Find what amount of stock may be purchased in the 3^ per cents, at S7i 
for £3425. 



As 


£87§ 


£3425 : 


: £100 


Ans. 


or As 


£175 


: £6850 : 


: £100 


Ans, 


or As 


£ 7 


: £1370 : 
20 


: £ 20 


Ans, 



7)27400 



£3914: 5 :8f Ans, 



III, TO FIND WHAT INTEREST PER CENT. MAT BE OBTAINED BT 
PURCHASING STOCK AT A GIVEN PRICE. 

Rule, State a proportion thus : As the price of £100 stock is to £100, 
SO is the interest on £100 stock to the answer. 

Example. 

Find what rate of interest will be obtained by investing id the 3| per 

cents, at 95j. 

As £95.375 : £100 :: £3.25 : Ans, 

100 

95.375)325.000(3.4076£. 
286125 



38875 
38150 

725 
667 



Ans. £3:8: 1| nearly. 



58 
57 

1 



92 
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IV. TO FIND IN WHICH OF TWO STOCKS IT IS MORE ADVANTAGEOUS 

TO INVEST. 

Rule. Compare the ratios of the interest on, to the price of, £100 stock, 

in each case. The stock to which the greater ratio belongs is the more ad- 

vantsgeous. 

Example. 

In which is it more advantageous to invest, in the 3| per cents, at 91 f, or 

in the 3| per cents, at 92f ? 

V or <. 
>^ or <, 
>^ or <, 

V or <, 
> or "<, 

.*. It is more advantageous to invest in the 3| per cents. 

V, TO FIND WHAT ANNUAL INCOME MAY BE REALIZED BT INVESTING 

A GIVEN SUM IN STOCK AT A GIVEN RATE. 

Rule. State a proportion thus : As the price of £100 stock is to the given 
sum, so is the rate of interest to the answer. 

Example. 
Find what income may be derived from investing £2865 in the 3} per 
cents, at 71f. 





3| 


• 
• 


91f 


As 


26 


• 
• 


731 


As 


26 


X 


741 


As 


13 


X 


741 


As 






9633 



3| 


• 
• 


92f 


28 


• 
• 


741 


28 


X 


731 


14 


X 


731 
10234 





As £71f : 


£2865 : 


: £3} 


Ans. 


or 


As £71.625 : 


£2865 : 


£3.5 


Ans. 


or 


As £2.865 : 


£573 : 
.7 


£.7 


Ans. 



2.865)4O1.100(140£. 
2865 

11460 
11460 



Ans. £140. 







VL TO FIND WHAT SUM MUST BE INVESTED IN A GIVEN STOCK TO 

PRODUCE A GIVEN INCOME. 

Rvie. State a proportion thus : As the interest on £100 stock is to the 
amount of the income, so is the price of £100 stock to the answer. 

Example. 
Find what sum must be invested in the 3^ per cents, at 85} to produce an 
income of £84. 



As £S^ 
or As £3.5 
or As £1 



£84 
£84 
£12 



Ana. £2049. 



£85| 
£85.375 
£170.75 
12 

£2049.00 



Ana. 
Ans. 
Ana. 
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FIL TO FIND HOW MUCH OF A GIVEN STOCK MAY BE PURCHASED WITH 
THE PROCEEDS OF THE SALE OF A GIVEN AMOUNT OF OTHER STOCK. 

Rule, State a Proportion thus : — As the price of £100 of the new stock 

is to the price of £100 of the old stock, so is the amount of stock to the 

answer. 

Example. 
A person transfers £8500 from the 3} per cents*, at 87, to the 3 per cents. 

at 82|, how much of the latter stock does he hold ? 





As 82} 


: 87 : 


: £8500 


An», 


or 


As 165 


: 174 : 


£8500 


Ans, 


or 


As 11 


: 68 : 


£1700 
58 


Ans, 



13600 
8500 

11)98600 



£8963 : 12 : 8 A ^ns. 



/ 

VllL TO FIND THE DIFFERENCE IN A PERSON'S INCOME BT TRANS- 
FERRING MONEY FROM ONE STOCK TO ANOTHER. 

RtUe, Multiply the new rate of interest by the former price per cent 
and the former rate of interest by the new price per cent ; divide the 
former product by the latter; the quotient is the ratio of the new, to the 
previous, income. 

If the actual difiference of income be required, find the difference be- 
tween the above ratio and unity, and multiply the previous income by it 

Example. 
A person transfers £30000 stock from the 3} per cents, at 92, to the 3 per 

cents, at 69, what is the difference in his income ! 
Ratio of new income to previous one 
3 X 92 184 

" JX69~ 161 
184 23 1 

161 "" 161 ""7 
Previous income = £5 X SOO = £1050 
.-. Increase = £i^ X 1050 = £150. 



XIII. PROFIT AND LOSS. 

/. TO FIND THE PROFIT OR LOSS PER CENT. BY SELLING AN ARTICLE 
AT A CERTAIN GAIN OR LOSS ON THE PRIME COST. 

Ruie, As the prime cost is to £100, so is the gain or loss to the profit 
or loss per cent. 
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Example. 
Find the profit per cent, on goods bought at £2 : 14 : and sold at £3 : 3 : 0. 

Selling price = £3 : 3:0 
Prime cost = £2 : 14 : 



Gain =£0: 9:0 



As £2 : 14 

20 


£100 




: : df . 

I 


d4<. 
or As 6 


£100 

ej — 

£16: 


13 


1 
: 4. jins. 



Ans. 



Ans. 



II. TO FIND AT WHAT PRICE AN ARTICLE MUST BB SOLD TO GAIN OR 

LOSE 80 MUCH PER CENT. 

Rule. As £100 is to the prime cost, so is the produce of £100 to the 
selling price required. Or work by Practice. 

Example. 

Find what must be the selling price of an article which cost £20 : 17 : 6 

to gain £12| per cent 

As £100 £20| £112} Ans. 

2(>iXll2§ 

Ans. =r £. 

100 

167 X 225 167 X 9 

= — — — £. := — ^ £. 
1600 ' 64 ' 

1503 

= £. =£28:9:8J. 

64 

Or thus by Practice— 

£. s. d. 
Prime cost =20 17 6 = gain at £100 per cent. 

12| = } of 100 2 12 2|= gain at 12} per cent. 
£23 9 8i= selling price. 



///. TO FIND THE PRIME COST OF AN ARTICLE, BY SELLING WHICH 
AT A CERTAIN PRICE A GIVEN GAIN OR LOSS PER CENT. IS MADE. 

Rule, As the produce of £100 is to the selling price, so is £100 to the 
prime cost required. 

£XAMPLE. 

By selling tea at 49. 9d. per lb. a grocer gains 8 per cent, what was the 
prime costf 
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or 







tf. d. 








As £108 


• 
• 


4 9 


• • 

• • 


£100 


^nt. 


As £27 


• 


4 9 
6 


• • 

• • 


£25 


Jns, 



27 



{ 



£1 3 


9 
5 


9)5 18 


9 


8)0 13 


2i 


£0 4 


^ 



Ans, 



IV. GIVEN THAT BT SELLING GOODS AT A CERTAIN PRICE A CERTAIN 
GAIN OR LOSS IS MADE, TO FIND WHAT SHOULD HAVE BEEN THE 
SELLING PRICE TO HAVE MADE ANOTHER GAIN OR LOSS. 

Rule, As the first prodace of £100 is to the xeqnired produce, so is the 
first selling price to the selling price required. 

Example. 
By selling goods at £1 : 15 : a gain of 20 per cent, is made, what should 
he the selling price to gain 28f per cent? 

As £120 £128f £1| AfU, 

128t X If 900 X 7 

.'. An9, zz £=: £. 

120 7 X 4 X 120 

45 
=—£ = £1:17:6 Ans. 
24 

V, GIVEN THAT BY SELLING GOODS AT A CERTAIN PRICE A CERTAIN 
GAIN OR LOSS IS MADE, TO FIND WHAT WILL BE THE GAIN OR LOSS 
WHEN THE SELLING PRICE IS ALTERED. 

Rule. As the first selling price is to the second selling price, so the first 
produce of £100 to the second produce of £100; the difference between 
which and £100 is the answer required. 

Example. 
By selling goods at £1 5«. Od, a gain of 20 per cent, is made, what will 
be the gain if the pxioe fall to £1 2s, Od, 7 

As £U ^li^ ^120 Produce of £100 

lfbXl20 11X12X4 

.*. produce of £100 = £, = £. 

H 5 

528 
= — £. =£105:12:0 

5 

.*. Ans, = £5 : 12 : 0. 
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XIV. FELLOWSHIP. 

Def' Fellowship is the Rale, hy which the gain, loss, or liabDity in a 
joint concern may be equitably apportioned to each of the partners, ac- 
cording to the amount of their contributions to the general stock, or the 
advantages reaped by each from the concern. It is called Simple or 
Compound Fellowship, according as the times for which each partner has 
been engaged are the same or not. 

/. TO DETERMINE THE AMOUNT OF GAIN OR LOSS BELONGING TO EACH 
PARTNER IN A JOINT CONCERN, THE TIMES OF ENGAGEMENT OF 
ALL BEING THE SAME. 

Eule, Find the ratio of the whole gain or loss to the whole stock and 

multiply by it each partner's stock. The result will be each partner's 

share. 

Example. 

A and B trade together, A puts into the general fund £1450 10«. Oof. 
B puts in £2560 15«. 0<f.; they gain £1050 13«. Oe^. ; what is the share of 
each? 



A's stock = £1450.5 

B's stock = £2560.75 



Whole stock . . = £4011.25 



Whole gain.... = £1050.65 



401I.25)1050.650(.261926 
802250 



248400 
240675 

7725 
4011 

S714 
3610 

104 
80 

24 
24 



A's stock =£1450.5 
.261926 



B's stock =: 



87030 
29010 
130545 
14505 
87030 
29010 

A's gain = £379.9236630 
= £379 : 18 : 5i 



£2560.75 
.261926 



1536450 
512150 
2304675 
256076 
1536460 
512150 

fi*8gaan =£670.72700450 
= £670 : 14 : 61. 
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77. TO DETERMIMB THE SHARE OF GAIN OR LIABILITY OF EACH PARTNER 
IN A CONCERN, ACCORDING TO THE NUMBER OF SHARES HELD BT EACH. 

Rule* Divide the whole liability by the whole number of shares, and 
multiply the result by the number of shares, which each partner holds. 
The results are the liabilities or gains of each partner. 

Examples. 

1. A, Bi C, purchase shares in a concern ; A pays for 8 shares, B for 12, 

C for 15; they gain £735 : 15 : 0; determine each partner's share of the 

gain. 

Whole No. of shares = 8 + 12 + 15 = S5. 

£. i, d, 

(7)735 15 = whole gain 

85-1 

(5)105 2 If 

£21 51= gain of 1 share. 

£. 9, d, £. 9. d, £, 9, d. 

21 5| 21 5f 21 5f 

8 12 15 



168 3 5^A'sgain 252 5 If B'sgam 315 6 5} C'sgain 

2. A and B rent a pasture for £70; A puts in 150 sheep, B 200 sheep, 
bow much ought each to pay towards the rent? 

No. of shares = 150 + 200 = 350 

70 1 

£ =— £ = Rent belonging to 1 share 

350 5 

.-. A's rent = 150 X i£ = £80 
B'srent =200Xi£ =£40 

77f. TO DETERMINE THE SHARE OF GAIN OR LOSS BELONGING TO EACH ^ 

PARTNER IN A CONCERN, THE TIMES FOR WHICH EACH HAS BEEN 
ENGAGED NOT BEING THE SAME. 

Rule. Express all the times and stocks in terras of the same unit, 
multiply each partner's stock by the units in the time ; Rdd the products ; 
divide the whole gain or loss by the sum, and multiply by each product 
separately. The results will be the shares required. 

Examples. 
1. A, B, and C trade together; A advanced £850 for 12 months, B £1000 
for 9 months, C £1500 for 6 months ; they gain £1250; what is the share of 
each? 

£ 
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850 X 12 = 1020O 
1000 X 9 = 9000 
1500 X 6= 9000 

Sam of products 28200 



£. £. 
282,00)1250( .044326 
1128 

1220 
1128 

"^0 
846 

740 
564> 

1760 
1692 



68 



£. 
.044326 
10200 

8866200 
443260 



.044326 
9000 



898.934000^ = B's share 



= £898 : 18 



452.125200^= A share 
= £452:2:6) 



:8U 



and C's share. 



jy, TO DETERMINE THE LIABILITY OF EACH PARTNER IN A CONCERN, 
ACCORDING TO THE NUMBER OF SHARES HELD BT BACH, AND THB 
TIME FOR WHICH HE HAS HELD THEM. 

Rule. Multiply the number of shares held by each, by the number of 
units in the time, (all the times being expressed in terms of the same unit;) 
add the products, and divide the whole liability by the sum ; multiply the 
quotient by each product ; the results will be the shares of each partner. 

ElXAMPLES. 

1. Three persons rented a field for £68 : 10 : 0. A puts in 140 sheep for 

14 days ; B 160 sheep for 12 days ; C 200 sheep for 8 days ; what should 
each pay ? 

£. £. 
140 X 14 = I960 548,0)6S.5(.0125 
160X12 = 1920 648 
200 X 8 = 1600 

1370 

5480 1096 

2740 
2740 
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.0125 £. .0125 £. .0125 £. 

1960 1920 1600 



7500 2500 £20.0000 = C's share 

1125 1125 == 

125 125 



£24.5000 £24.0000 = B's share. 



= £24 : 10 : =: A'8 share. 



XV. EQUATION OF PAYMENTS. 

TO FIND THE EQUITABLE TIME AT WHICH SEVERAL PAYMENTS DUE AT 
DIFFERENT TIMES MAT BE ALL PAID AT ONCE. 

Rule. Multiply each snm due (expressed in the same unit) hy the 

Duxnher of units in the respective times (all expressed in the same unit), 

add the products, and divide hy the sum of all the debts. The result will 

be the number of units in the equated time, the unit being that in which 

the times were expressed. 

Examples. 

1. Find the equated time at which the following debts may be paid : viz. 
£250 due in 7 months ; £500 in 9 months ; £250 in 12 months. 

250 X 7 = 1750 je250 
500 X 9 = 4500 £500 
250 X 12 = SOOO £250 

Sum of products = 9250 £ 1000 — Sum of debts. 

9250 

=: 91. .*. Equated time = 91 months. 

1000 

2. Find the equated time at which the following sums may be paid : viz. 

£847 : 1 1 : 6 due now, and £72 : 5 : 6 to be paid every month for the next 

12 months. 

£347 : 11 : 6 = £347.575 £72 : 5 : 6 = £72.275 
12 X £72 : 5:6 = £867.300 

Sum of debts .. = £1214.875 

Sum of products = ('I -f 2 + 3 -f &c. to 12 terms) X 72.275 

= 78 X 72.275 = 5637.450. 

1214.875)5637.450(4.648 
4859500 





777950 
728926 




4^25 
48595 


^ns, m months. 


430 
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XVI. ANNUITIES. 

I>rf. 1. Any income payable at stated periods is called an annuity. 

Drf. 2. Annuities to continue a fixed number of years are called anrnd- 
ties certain. 

Drf, 3. Annuities depending on the life or liyes of individuals are called 
contingent or life annuities. 

D^, 4. Annuities, to commence after the lapse of a certain time, are 
called d^erred or reversionary annuities. 

D(f. 5. If the payment of an annuity is forborne for a certain number 
of years, the sum of the amounts of the payments at compound interest is 
the amount of the annuity. 

/>^. 6. The present value of an annuity is that sum, which put out at 
compound interest, would be sufficient to pay the annuity as it becomes 
due. 

/. TO FIND THE AMOXnVT OF AN ANNUITY FORBORNE FOR ANY 

NUMBER OF TERMS. 

Rule. Find the ratio of the Compound Interest on XI for the g^ven time 
to the interest for 1 term, and by it multiply the given annuity. 

Example. 
Find the amount of an annuity of £50 : 10 : 6 forborne for 4 years at 5 per 

cent 

(1.05)* — 1 

Amount = X 50.525 Jg. 

.05 

1.05 .05).2l55063 = (Int. of £1.) 

1.05 

4.810126 

525 52605 



1050 



1.1025000 215506 

52011 8620 



11025000 
^00 
!2050 
5513 



21550630 
15506 
8620 
2153 



1102500 £217.76911 = Amt of annuity. 

22050 === 



£1.2155063 = Amt. of £1. 



jins. £217.76911 = £217 : 15 : 4]. 

//. TO DETERMINE THE PRESENT VALUE OF AN ANNUITY TO LAST A 

GIVEN NUMBER OF TERMS. 

Rule. Find the compound interest of £1 for the given time; divide this 
by the product of the amount of £1 and the interest for 1 year; multiply 
the annuity by the quotient 
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Example. 

Find the present value of an annuity of £36 to last 6 years at 4 per cent 

(1.04)« — 1 
Present value = X 36£. 



1.04 
1.04 

416 
1040 

1.0816 
1.04 

43264 
108160 

1.124864 
4 684211 

1 124864 

112486 

22497 

4499 

899 

67 

4 

1.265316 Amount of £1 
.04 Int. for 1 year 

.^5061264 Product 



(1.04)«X .04 

Pros. val. of 
Int. of £1. £1 annuity. 
.05061264).26d31600(5.242086 £. 
25306320 



1225280 
1012253 

213027 
202450 

10557 
10122 

435 
405 

30 
30 



£5.242086 Pres. val. of £1 annuity. 
6 



£31.452516 £6.... 

6 



£188.715096 £36.... 

Ans. £188 : 14 : 3|. 



JJL TO FIND THE VALUE OF A PERPETUAL ANNUITY. 

Rule, Find the ratio of the annuity to the interest on £1 for one year ; 
this will be the number of pounds in the value. 

Example. 
Find the present value of £3 perpetual annuity, interest being at the rate 

of 2| per cent. 

3 600 

Present value = — X 100£= — £. = 120£. 

2} 5 

IFl TO FIND THE PRESENT VALUE OP A DEFERRED ANNUITY. 

Rule. Find the value of the annuity, supposed perpetual, and multiply 

this by the difference between the present values of £1, due at the time at 

which the annuity is to commence, and due at the time at which it is to 

cease. 

Example. 

Find the present value of an annuity of £130 to commence 8 years hence, 

and to continue 15 years, at 4| per cent. 

K 2 
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Present value of perp. ann. of £130 = £130 -^ .045 = £2888.8. 

Present value of £1 due 8 yean hence =.7081851 
23 =.8683501 



Difference =.3398350 



£2888.8888888 
5389380 

8666666666 

uOOCiOOCXl 

259999999 

23000000 

866666 

1 AA.A.A.M. 

X XXTXM 

Aru. £982 : : 8|. £982.0344441 



V, TO DETERMINE WHAT ANNUITY MAT BE PURCHAIED WITH A GIVEH 

8UM| TO LAST A GIVEN TIME. 

Rule. Find the present value of an annuity of £1 for the g^ven time ; 

the ratio of the given sum to this will be the number of pounds in the 

annuity. 

Example. 

If a person lay out £8000 in the purchase of an annuity, to oontinue 35 

years, find his yearly income at 5 per cent, compound interest 

Present value of an annuity of £1 for 25 years = U.093M46. 

14.09394l6)3000.0000000(212.8573ri8 
2818 78892 



181211080 
140939446 

40271634 
28187889 



12083745 
11275155 

806590 
704697 



103893 
98657 

5236 
4228 

1008 
986 

22 
14 



8 
Ant. £212 : 17 : 2 nearly 8 
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XVII. EXCHANGE. 

JD^. 1. Exchange ia the rule by which the money of one country is 
changed to that of another. 

Def* 2. The par of exchange is the intrinsic yalue of the coin of one 
country expressed in terms of the coin of another. 

Brf, 3. The course of exchange at any time is the sum, which at that 
time, is given in one coinage for a sum in another. 

Ikf, 4. By arbitration of exchange is meant the determining the course 
of exchange between two places, from the known rates between each of the 
two and other places. Arbitration is called Simple or Compound, accord- 
ing as three only or more than three places are mentioned. 

Rules. Questions in Exchange may be worked by Practice or Proportion; 
questions in Simple Arbitration by Proportion, and in Compound by the 
Rule called 

The Chain Rule, 

Beginning with one of the places between which the eourse of exchange ia 
required, write down a series of equations expressing the courses of ex- 
change between the seyeral places which are mentioned, always putting 
on the I^ hand the same denomination qf coin, as appeared in the pre- 
ceding equation on the right. Multiply together all the numbers on the 
right hand side, and all but the first on the left hand side ; divide the first 
product by the second ; the result will be the amount of coinage of the last 
mentioned place equal to the given amount of that first mentioned. 

Examples. 
1. Exchange £736 for francs at 24.26 £r. for £1. 





Exchange £620 

ei. 


24.26 francs =z £1 
736 






J 2126 
7276 
16976 






17823.76 francs = £736 


Ans. 


2. 

per j 


: 16 : for Prussian dollars at 6 dollars 26 groschen 

6 8 

No. of dollars =? 6— X 620 — 

6 4 






41 2063 
= 6^4 


86403 
24 






11 

= 3668—. 
24 





Ans. 8668ii Pr. dol. = 3668 Pr. doL 13} groschen. 
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8. Exchange 3864 florins at Amsterdam with Naples at 80| florins for 

ducats. 

As 80|fl. 3864fl. 40ducats Ant, 

3864X40 

jins. =: ducats 

80| 

8864X80 

= ducats 

161 

= 24 X 80 ducats = 1920 ducats. 

4. Bills on Paris, bought in London at 25 francs 40 cents, are sold in 
Hamburg at 187 francs per 100 marks : what is the exchange between Lon- 
don and Hamburg 7 

As 187 francs 25 francs 40 cents 100 marks jins, 

26.40 X 100 

Jns, = marks 

187 

2540 

= marks 

187 

109 

= 13 marks 

187 

61 
= 13 marks 9 — sch. 
187 

5. A bill upon Hamburg is bought at 13 marks 10} sch. per £1 sterling, 
and sold in Amsterdam at 35} florins per 40 Banco marks ; if the proceeds 
are there laid out in bills upon Genoa at 47} florins per 100 lire, and these 
again sold in Paris at 1 per cent, discount, what is the rate of exchange be- 
tween London and Paris. 

£1 r= 13|i marks 

40 marks =: 85} florins 

47} florins = 100 lire 

100 lire =99 francs 

21 
.-. £1X40X47}X100 = 13-X35}X100X 99 francs 

32 

437 X 71 X 99 

or £1X1890 = francs 

82X2 

437 X 71 X 11 
.'. £1 = francs 

82 X 2 X 210 

== francs 

13440 

lis 

= 25 frs. 71 cent. Atu, 

672 
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XVII. BARTER. 

Def, Barter is the Rule by which is determined what quantity of one 
article is equiyalent in value to a given quantity of another; or what must 
be the quality of an article that a given quantity of it may be equivalent in 
value to a given quantity of another. 

/. TO FIND THE QUANTITY OF ONE ARTICLE EQUIVALENT IN VALUE TO 
A GIVEN QUANTITY OF ANOTHER ARTICLE. 

Rule, Find the value of the goods received, and thence determine the 
quantity of goods exchanged, which may be had fur the same money. Or 
work by the Chain Rule as in Exchanges. 

Examples. 

1. How many yards of silk velvet at 15«. a yard may be exchanged for 
125 yards of satin at 10*. 6d, a yard? 

Value of satin = 10«. 7<f. X 125 = £65 : 12 : 6 = £65| 

65(1 525 

.*. No. of yards of velvet = = — =87| Ang, 

I 6 

2. Bought Scwt. dqrs. 16 lbs. of sugar at £3 : 5 : per cwt. and paid 
half in cash, and the rest in cloth at 14«. 6</. per yard ; how much money 
did I pay, and how many yards of cloth % 

£. a. tL 

8 6 0= value of 1 cwt 
2 



6 10 = „ 2 cwt 

2qrs.=4cwt 1 12 6 = „ 2 qrs. 

Iqr. =|cwt 16 8 = „ 1 ur. 

16Ibs.=^wtO 9 Sf = „ 16 lbs. 

2)9 8 Of = 2cwt3qrs.l6]bs. 

£4 14 A =: value paid in cash 

- = value of goods bartered 



Valueof cloth =z£4: 14 : OA 
Price per yard = 14^ «. 
.*. No. of yard8=: 

"" 812 
893 

812 



The same example worked by the Chain Rule. 
Quantity of doth required = Icwt 1 qr. 22 lbs. sugar = 162 lbs. sugar. 
112 lbs. sugar = 65 shillings 
Y shillings = 1 yard cloth. 

162 X 65 162 X ^5 
.'. Quantity of doth = — — — = — ^_-« yards of doth 

112X¥ 56X29 
81 X 69 5265 



28 X 29 812 

393 

=: 6 — yards of cloth. 
812 



» 
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77. TO DETERMINE THE QUALITY OF AN ARTICLE, OF WHICH A GIVEN 
QUANTITY IS EXCHANGED FOR A GIVEN QUANTITY OF ANOTHER. 

Rule, Find the value of the goods received, and divide it by the number 
of units in the quantity exchanged ; the result will be the price of an unit 
of the quantity. 

Examples. 

1. Exchanged 84 gallons of brandy, at 24«. per gallon, for 504 yards of 
aOs^ what was the price of the silk per yard 7 

Value of brandy = 84 X 24«. = 2016 «. 

2016 

.*. Price per yard of silk = «. = 4«. 

504 

2. Received in barter a cow valued at 6 guineas, 20 sheep valued at 2 
guineas, £100 in cash, and 150 quarters of barley, for 110 quarters of wheat 
at 69s, per quarter ; what was the price of the barley per quarter? 

Value of wheat == 110 X 69«. = £379 : 10 : 

Value of cow = 
Value of sheep = 
Cash = 



6: 


6: 





42: 


0: 





100: 


0: 





148: 


6 


:0 



Value of barley = £231 : 4: 

23H 1156 2312 

. • . Price per quarter=z — -£ = £ =: *. 

150 750 76 

23 
=30«. ^— d, 
25 

///. THE NETT AND BARTERING PRICES OP ONE ARTICLE BEING GIVEN, 
^O DETERMINE THE BARTERING PRICE OF ANOTHER, THE NETT PRICE 
BEING KNOWN, OR Vice VBTSa. 

Rule. State : as the nett price of one is to its bartering price, so is the 
nett price of the other to its bartering price. Or as the bartering price of 
one is to its nett price, so is the bartering price of the other to its nett price. 

Example. 
The nett price of an article is 5«. but in barter is raised to 5s, 4<t/. What 
should be the bartering price of an article, valued at Zs, 9d, ready money ? 

As 5>. 6^«. :: 3|«. : Ans, 

16 15 
Ans, =z — X — -7-5*. = 4». 
3 4 
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XVIII. ALLIGATION. 

D^. Alligation is the Rule by which is determined the rate of value 
of a mixture, from the rates of the ingredients of which it is composed. 

Rule. Multiply the quantities of each ingredient, expressed in terms of 
the same unit, by the rates also expressed in the same unit ; divide the sum 
of the products by the sum of the quantities ; the quotient will be the price 
of an unit of quantity in terms of an unit of price. 

£XAMPLE. 

A wine merchant mixes 30 gallons of wine at ISsjl gallon with 40 gallons 
at 16«. ; and with 24 gallons at ITs, 6d. ; what will be the price of the mix- 
ture? 

s. t. galls. 8. 8. 

SO X 15 = 4^ = cost of 30 94)1510(16^ 

40 X 16 = 640 = cost of 40 94 

24 X ¥ = 420 = cost of 24 

570 

Whole costi=l510 = cost of 94 564 . 

6 
An8. 164^ per gall. == 



XIX. MENSURATION. 



D^. !• Lines are measured by considering how often they contain a 
certain length, called the lineal unit. 

D<^. 2. Surfaces are measured by considering how often they contain a 
eertain sur&ce, called the superficial or square unit, which is a square, 
whose side is equal to the lineal imit 

D^, 3. Solids are measured by considering how often they contain a 
certain solid, called the solid, or cubic unit, which is a cube, whose fiices 
are equal to the square unit. 

Z)^ 4. The dimensions of a magnitude are its length, breadth, and 
thickness. — A line is of on«, a surface of twOf a solid of three, dimensions. 

Oba, The Rules of Mensuration are Rules which enable us to find, by 
lineal measurements of the dimensions of a magnitude, the extent of its 
surface, and its capacity or solid content These Rules are too numerous 
for insertion here. The Rules for finding the area of a rectangle, and 
the content of a rectangular parallelepiped are as follows. 

/. TO FIND THE AREA OF A RECTANGLE. 

Rule* Multiply the units in the length by the units in the breadth, the 
result is the number of square units !h the area. 

This operation may be conducted either (1) by expressing the length and 
"breadth in terms of the same unit, fractional or integral ; or (2) by the 
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method commonly called " Cross Multiplication; " or (3) by changing the 
nnmber of feet and inches in the length and breadth into a number of feet 
luid parts of feet expressed in the dnodenary scale. 

£XAMPLE. 

Find the area of a rectangular room 14 ft. 6 in. wide, by 20 ft. 9 in. long. 

1 29 

By first method width = 14— ft. = — ft. 

3 2 

3 83 
length = 20— ft.= — ft. 

4 4 

29 83 2407 

,*. areB= — X — sq. ft. = sq. ft. 

2 4 8 

= 300 sq.ft. 126 8q. in. 

ft. pr. see. 

By second method 20 9 

14 6 



290 6 
10 4 6 



An9, = 300 10 6 = 300sq. ft. 126in8. 

ft. in. ft. 

By third method (20 9)io = 18.9ia 

(14 6)io = 12.6x8 

Multiply in the duodenair scale 18.9 

12.6 

t4^ 
356 
189 



Ans, = 210.t6ia tq. ft. = SOOsq. ft. 126 tq. in. 

ObservatioM on the 2nd method. In lineal measure inches are also 
called primeSf and twelfths of inches seconds; in square measure, a rect- 
angle 12 in. by 1 in. i.e. the twelfth of a square foot is called a superficial 
prime; the twelfth of a prime, t.«. a square inch is called a superficial 
second; the twelfth of a second, a third; and so on. Hence multiplying 
the number of feet in a length by the number of inches in the breadth we 
find the number of primes in the area; or feet multiplied by inches give 
superficial primes. So inches multiplied by inches give square inches or 
superficial seconds ; inches multiplied by seconds gire thirds. Observing 
these facts, the Rule for the performance of the second method is as 
follows : 

Write the multiplier under the multiplicand, placing feet under feet, &c. 
Beginning with the highest denomination multiply by each term of the 
multiplier, taking care to write quantities of the same denomination under 
each other. Add the products. The result will be in sq. ft., primes, 
seconds, &c. 
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//. TO FIND THE SOLID COKTEKT OF A RECTANGULAR PARALLL LOPIPCD. 

Rule. Multiply together the units in the leogth, breadth, and thickness ; 
the result is the number of cubic units. 

This operation (as the last) may be conducted by each of the three 
methods, already mentioned. 

The twelfth part of a solid foot is called a solid or cubic prime ; the 
twelfth part of a prime, a second ; and so on. Since the twelfth part of a 
solid foot is a solid whose base is a square foot, and height 1 inch ; there- 
fore a number of square feet multiplied into a number of linear inches 
giye a number of cubic primes. Also since the twelfth part of a cubic 
prime is a solid whose base is a superficial prime and height an inch, or 
whose base is a square inch or superficial second, and height a foot ; there* 
fore a number of superficial primes multiplied into a number of linear 
inches, or a number of superficial seconds multiplied into a number of 
linear feet, gire a number of cubic seconds. Also since the twelfth part of 
a cubic second is a cubic inch, therefore a number of superficial seconds 
multiplied into a number of linear inches give a number of cubic thirds. 
Observing the above facts, the working of the 2nd method will be under- 
stood, the operation being performed as in the previous case. 

Example. 

How many solid feet and inches are there in a block of stone, whose 
dimensions are 6 ft 7 in., 5 ft 8 in., 3 ft. 4 in. ? 

By the first method. 

7 2 1 

Solid content = 6— X 5— X 3— cub. ft 

12 3 3 

79 X 17 X 10 6715 

— cub. ft. "=2 cub. ft 

I2X 3X 3 o4 

19 
= 124— cub. ft = 124 cub. ft 608 cub. ins. 
54 

By the second method. 

ft pr. sec. 
6 7 
5 8 



32 
4 


11 
4 




8 




37 
3 


3 
4 


8 




111 
12 


11 
5 



2 


8 


124 


4 


2 


8 



Jns, 124 4 2 8 = 124 cub. ft. 608 cub. ins. 
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By the third method. 

The dimensions expressed in the duodenary scale are 6.7 ft., 6.8 fl., 3.4ft. 

ft. 

6.7 

5.S 

448 
28e 

31.38 
3.4 



10528 
93eO 



Afu, t4.428i8 = 124 cub. ft. 608 cub. ins. 
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APPENDIX. 



/. TO ADD RECURRING DECIMALS. 

Ruie 1. Conyert the decimals into vulgar fractions, and add. 

Rule 2. Write down the decimals at length, under one another as in 
common addition, to three or four places more than are necessary to obtain 
two yertical columns alike ; add as in common addition ; the period will 
readOy be seen in the result 

Example. 

Add together 1.0357, .5684, .345038. 

1.03573573573573573 
.56845684568456845 
.34503834503834503 



1.94923092645864921 
Ans. 1.9492309264586. 

//. TO SUBTRACT RECURRING DECIMALS. 

Rule 1. Conyert the decimals into yulgar fractions, and add. 

Rule 2. Write down the decimals, as in common subtraction, to four or 
fiye more places than are necessary to obtain two yertibal columns alike ; 
subtract as in common subtraction ; the period will readily be seen in the 
result 

. . Example. 
Subtract .653 from 1.54302. 

1.5430254^025430254302 
.65365365365365365365 



.88937177660064888937 
Ans. .889371776600648. 

Ill, TO MULTIPLY RECURRING DECIMALS. 

Rule 1. If the exact result is required, convert the decimals into vulgar 
fractions, and multiply ; then re>convert the product into a decimal. 

Rule 2. If only an approximate answer be required, multiply by the 
abbreviated form for multiplication of decimals. 
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Example. 

Multiply 27 3 by 4.V. 

. . 1 7 82 43 

27.3X47 = 27— X4-- = — X — 

3 9 3 9 

3526 16 

"" 27 "" 27 

= 130*692. 

IV, TO DIVIDE RECURRING DECIMALS. 

Rule 1. Convert the decimals into vulgar fractions, and divide. 

Ruk 2. If the divisor be not a recurring decimal, perform the division 
in the ordinary manner. 

Rule 3. If an approximate answer be required, divide by the abbre- 
viated method for division of decimals. 

Example. 

Divide 130.592 by 4.7. 

... 592 7 16 9 

130.592 -7- 4.7 = 130r- -f- 4— = 130— X — 

999 9 27 43 

3526 82 



129 3 

1 
= 27- =27.3. 

3 

V, TO DETERMINE THE TOTAL NUMBER OF FIGURES WHICH THERE 

WILL BB IN ANY QUOTIENT. 

Rule, If the significant figures of the divisor represent a number not 
greater than the first equal number of significant figures in the dividend, 
the number of figures in the quotient will be equal to the difference between 
the numbers in the dividend and divisor, increased by 1. 

But if the figures of the divisor represent a larger number than the first 
equal number of figures in the dividend, the number of figures in the 
quotient will be equal to this difierence. 

Thus in dividing 624'S09 by 8275, since 8275 denote a larger number 
than 6243, therefore there will be two figures in the quotient. 

Hence in division of decimals, knowing the whole number of figures in 
the quotient, and the number of decimals, we can easily find the number 
of integers or ciphers immediately after the decimal point 

Thus in dividing 356.5043 by 7.253, since 7*253 denote a larger number 
than 3565 therefore there will be 3 figures in the quotient, and since one 
must be a decimal, therefore 2 will be integers. Again in dividing 
.3565043 by 7.253, there will be 3 figures in the quotient, but there should 
be 4 decimals, therefore there must be one cipher after the decimal point. 
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TABLES. 







/. ADDITION AND 


SUBTRACTION 


TABLE. 








1 


2 


3 


4 


5 


6 


7 


8 


9 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


4 


5 


6 


7 


8 


9 


10 


11 


12 


13 


5 


6 


7 


8 


9 


10 


11 


12 


13 


14 


6 


7 


8 


9 


10 


11 


12 


13 
14 


14 


15 


7 


8 


9 


10 


11 


12 


13 


15 


16 


8 


9 


10 


11 


12 


13 


14 


\5 


16 


17 


9 


10 


11 


12 


13 


14 


15 


16 


17 


18 



To find the sum of two numbers from the above Table. 

Look for one of them in the top line, and for the other in the left hand 
column : the sum will be found in the square, which is underneath the one 
and in the same line with the other. 

To find the difference of two numbers from the above Table, 

Look in the left hand column for the les6, and in the same line with this 
for the greater; the difference will be found at the head of the column in 
which the greater is. 





11. 


MULTIPLICATION 


AND 


DIVISION 


TABLE. 




1 

2 
3 
4 
5 
6 

7 

8 

9 

10 

11 

12 


2 

4 

6 

8 

10 

12 

14 

16 

18 

20 

22 

24 


3 

6 

9 

12 


4 

8 

12 

16 


5 
10 
15 
20 


6 
12 
18 


7 
14 
21 


8 

16 
24 
32 
40 
48 
56 


9 
18 
27 


10 


11 


12 


20 

30 


22 


24 


33 


36 


24 


28 
35 
42 
49 


36 


40 


44 


48 


15 


20 


25 
30 
35 
40 


30 
36 
42 
48 
54 
60 
66 
7-2 


45 
64 
63 


50 
60 


55 


60 

72 

84 

96 

108 

120 

132 

144 


18 


24 


21 
24 
27 
30 
33 
36 


28 
32 


70 


77 

88 

99 

110 

121 

132 


5^ 
63 
70 

77 
84 


64 
72 
80 


72 
81 
90 


80 

90 

100 

110 

120 


36 
40 
44 

48 


45 
50 
55 
60 


88 
96 


99 

108 



L 2 
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To find itte product ^f two number 8 from the above Table. 
Look in the top line for one of them, and in the left hand column for the 
other ; the product will be found in the square underneath the former, and 
in the same line with the latter. 

To find the quotient of a number not greater than 144 divided by a number 
not greater than 12 from the above Table. 
Look in the left hand column for the divisor, and in the same line with 
it for the dividend or the number next less than the dividend, the integral 
quotient will be found at the head of the column in which this number is 
found. 

III. TABLE OF SQUARES AND CUBES. 



Number 


1 
1 
1 


2 

4 
8 


3 
9 

27 


4 
16 
64 


5 

25 

125 


6 

36 

216 


7 

49 
343 


8 

64 
512 


9 

81 

729 


Squares 


Cubes 



/r. MEASURES OF MONEY. 



C0 



4 = 

48 = 
960 





OB 

tiO 


s 


c 


CI 


f^ 




.'a 


V 


.c 


cu 


00 


d. 


8. 



w 

c 

9 

O 

£. 



1 

12 

240 



A 
A 
A 
A 

A 



groat . • 
half crown 



= 240 = 20 = 1 



1 

20 



crown . 

guinea.. 

noble . , 
An angel . 
A mark . , 
A moidore 



£. 8. d, 

4 

2 6 

5 

1 1 
6 8 
10 

13 4 

1 7 



V, TROT WEIGHT. 



a 

E 

jrr. 
24 

480 
6760 



S ^ 
g'S 

dwt. 
1 
20 

240 



«0 

o 
oz. 



= 1 

= 12 



90 

o 

c 
p< 

lb. 



= 1 



Troy Weight is used for weighing 
gold, silver, jewels, liquor, &c. and 
in philosophical expenments. 



VL APOTHECARIES* WEIGHT. 



•B 
S3 

20 

60 

480 

5760 



OB 

-a 

s 

«e 

scr. 

1 

3 = 

24 = 

288 = 



09 

s 
s 

dr. 

1 

8 
96 



O C 

§ i 

o c 



oz. 



= 1 



lb. 



= 12 = 1 



Apothecaries' Weight is used for 
prescriptions. The grain, ounce, 
and pound are the same as in Trov- 
Weight. 



VIL AVOIRDUPOIS WEIGHT. 



rams 
unces 


0) 

'a 

1 


1 


11 

S £ g 




«T3 O 


p« 


& 


A^ s 




dr. oz. 


lb. 


qr. 


cwt. ton. 


lb. stone qr. cwt. toh. 


16 = 1 








14 = 1 


256 = 16 


= 1 






28 = 2 = 1 


7168 = 448 


= 28 : 


= 1 




112 = 8 =4 = 1 


28672 = 1792 


= 112 


= 4 


=1 1 


2240=160 = 80 = 20= 1 


573440 = 35840 


= 2240 


= 80 


= 20 = 1 


1 lb. Av. = 7000 Trov grains. 



Avoirdupois Weight is used for weighing all articles, except gold, silver. 
and precious stones. 
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VUl. WOOL WEIGHT. 



#^ 

mm 

% 

lb. 

7 

14 

28 

182 

364 

4368 



00 



Cl. 
1 

2 

4 

26 

52 

624 



09 
V 

B 

O 

CO 

St. 



= 1 

= 2 

= 13 
= 26 
= 312 
240 lbs. 



tod. 



>* 

u 



wey. 



1 

6§ = 
13 = 
156 = 
1 pack. 



1 

2 

24 



00 

M 
(8 



•0 
18 



sack. last. 



= 1 

= 12 = 1 



7X. LINEAL OR LONG MEASURE. 



00 



in. 
12 



») = 



198 

792 

7920 

63360 

190080 



0> 

ft. 
I 

3 

16i 

66 

660 

5280 

15840 



OB 

-s 

(8 

yd. 

1 

22 
220 
1760 
5280 



09 
V 

po. 



1 

4 

40 
320 
960 



OB 

cb. 



1 

10 
80 
240 



00 

c 
o 

fur. 



9 

0) 



M 



6 ^ 
lea. 



mi. 



1 

8 

24 



= 24 = 3 =r I 



1 cbain = 100 links. The pole is called also a rod, or perch. 



X. CLOTH MEASURE. 



09 

pa 

c 



2| 
9 
36 



n 

1 

4 

16 



= 16 = 4 = 1 



u 

0) 

C8 



1 

4 



00 

'O 

In 
OS 



6 quarters 
6 quarters 
3 quarters 



1 English ell 
1 French ell 
1 Flemish ell 



XL 

tt 00 

S-" 

sq. in. 

144 

1296 

39204 

1568160 

6272640 



SUPERFICIAL OR SQUARE MEASURE. 



2 « 

00 

sq.ft. 

1 
: 9 
: 272J 
: 10890 
: 43560 



09 >k 



c8 0) 



sq. yd. sq. po. 



09 



rd. 



09 

2J 

u 

ac. 



= 1 



30J = 1 
1210 = 40 
4840 = 160 



= 1 



16 sq. po.^ 
10 sq. chains 
272| sq. ft. 



10000 sq. links 
100000 sq. links 
1 sq. rod 



= 1 sq. chain 
= 1 acre 



X7/. CUBIC OR SOLID MEASURE. 









U 09 

•js'g 



cub. in. cub. ft. cub.yd. 
1723 = 1 

46656 = 27 = 1 



40 cub. ft. = a load of rougb timber 
50 cub. f t. = a load of squared timber 
42 cub. ft. = a ton of shipping 
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4 

8 

32 



XIII. 






2 

1 

2 = 1 

8 = 4 = 



MEASURE OP CAPACITY. 

M 

a 

o 



1 gallon = 277.274 cub. inches 



ALE AND BEER MEASURE. 



CO 

C 

o 

galls. 

9: 

18 : 

36 : 

54: 

108 : 

216 : 



I 

2 
4 

8 

32 

64 

128 

1280 
2560 



-a 

to 
fir. 
I 

2 = 

4 = 

6 = 

12 = 

24 = 



« 

I 

2 

4 

16 

32 

64 

128 

640 

1210 



•0 CO 

*M OB OJ 

S § S" I § 

.3 .s .S •" *• 

kil. bar. hhd. butt tan< 



1 
2 
3 
6 

J2 



1 

3 
6 



1 

2 = I 

4 = 2 



= 1 



WINE AND SPIRIT MEASURE. 



gall. 
63: 
126: 
252 : 
10: 
18: 
42: 
84: 



hhd. pipe tun 

:2 = 1 
: 4 = 2 = 1 
: 1 Anker 
: 1 Runlet 
: 1 Tierce 
: 1 Puncheon. 



CORN AND SEED MEASURE. 



o 

1 



1 

2 

8 

16 

32 

64 

320 

640 



on 

M 



I 

4 

8 

16 

32 

160 

320 



9 



1 

2 

4 

8 

40 

80 



CO 

Si 



CO 

I 



= 1210 = 640 = 320 = 80 = 40 = 20=10= 2 = 1 



1 

2 

4 

20 

40 



I 
2 

10 
20 



CO 

ti 

3 



so 

cd 

O 



CO 

ett 



1 

5 
10 



1 
2 



1 

P« 
4 
12 
144 



COAL MEASURE. 

OB 



-s 


.A 

1 

3 
36 



== 36 = 12 = 1 



CO 

1 



I 

12 



s 



X/l^. MEASURE OF TIME. 



•a 

c 

o 

s 

to 

sec. 

60 

3600 

86400 

604800 



a 
a> 

■*» 



a 

min. 

1 

60 

1440 

10080 



C 
§ 

hr. 

1 
24 

168 



CO 



00 



day wk. 



= 1 



4 weeks = 1 lunar month 

365 days = 1 comnaon year 

366 days = 1 leap year 

365 days 5 hrs. 48 min. 49 sec. =: 1 solar year 
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NAMES OF THE CALENDAR MONTHS. 



January has .... 31 days 

Febroary 28 

March 31 

April 30 

May 31 

June 80 



»i 

91 
tf 
t1 



July has 31 days 

August 31 

September 30 

October 31 

November 30 

December 31 



it 
ft 






in Leap year February has 29 days. 

Leap year occurs every fourth year; but one in every 400 years is 
omitted. 

To find whether a year be a Leap year, divide by 4 ; if there be no re- 
mainder, the year is Leap year, unless the number of the year be a number 
of centuries divisible by 4. Thus 1852, 1856, and 1900 are Leap years ; 
but 2000 is not. 



TABLES OF FOREIGN MONEY. 



1. France. 

5 Centimes = 1 Sou 
20 Sous = 

25.30 Francs = 



1 Franc 
£1 sterling 



3. 

5 Cents = 
20 Stivers = 
50 Stivers = 
1 1 93 Florins=: 



Thfi Netherlands. 

= 1 Stiver 
1 Florin 
1 Kix dollar 
£1 Sterling 



2. Belgium. 

12 (i rotes Flemish = 1 Schilling 
40 Grotes = 1 Florin 

1 Florin = 100 Centimes 

39 Sch. 9 Grotes = £1 sterling 

4. Hamburg. 

12 Pfenning8= 1 Schilling 
16 Schillings^ 1 Mark 

3 Marks == 1 Rix dollar 

13 Mks. 10^ Sch. = £1 SterUng 



5. Prussia. 

12 Pfennings = 1 Silver grosche 

30 Sil. grosc. = 1 dollar or thaler 

6 doll. 24| grosc. = £1 Steriing 



6. Russia. 

100 Copecs = 1 Silver ruble 
6 Ru. 40 Cop. = £1 Sterling 



7. Frankfort-on-the-Maine. 

4 Creutzers = 1 Batzc 

1.) Batzen = 1 Florin 

1} Florins = 1 Rix dollar 

148 fiatzen = £\ Sterling 



8. Aiittria. 
4 Pfennings = 1 Creutzer 



63 Creutzers = 

U Florin = 

9F1.50Cr. = 



1 Florin 
1 Rix dollar 
£1 Sterling 



9. Austrian Italy. 

3 Centisimi r= 1 Soldo Austr 
20 Soldi Anstr.= 1 Lira Austr. 
29 Lir. 20 Cent= £1 Sterling 



10. Naples. 

10 Grani = I Carllno 

10 Carlini = 1 Ducato 
6 Due. 10 Gr. = £1 Sterling 



11. Spain. 

34 Maravedi = 1 Real of Plate 
1 1 Reals I Ma.= 1 Ducat of PlHte 
8 Reals = 1 Dollar of Plate 

4 Dollars = 1 Pistole of Plate 
1 Dollar = 3 Shillings sterling 



12. 


Portugal. 


400 Reas 
1000 Reas 
1 Milrea 


= 1 Crusado 

= 1 Milrea 

= 4«. 9id. sterling 
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IS. Genoa. 

100 Centisiim = 1 Lira nuova 
1 Lira nuova = I French franc 

15. Denmark. 

leSkilUngs = IMark 
6 Marks = 1 Bigsbank Dollar 
9 Rigsb.Dol. 35 Sk.= £X sterling 

17. The United States. 

100 Cents = 1 Dollar 
1 Dollar = 4s. Qd. 



19. The Cape €f Good Hope. 

4 Stivers = 1 ShiUiiiff 
SShillinffs = 1 Rix dollar 
1 Rix dollar = U. ^d. sterling 



14. Saxony. 

10 Pfennige = 1 Grosche 
SO Groschen = 1 Dollar 
6 Doll. 18 Gro8.= XI Sterling 

16. Sweden and Norway. 

12 Runstycken = 1 Skilling 
48 ^killings = 1 Rlks dollar 
12 Riks d. 2 Sk. = £1 sterling 

18. East Indies. 

12 Pice = lAnna 

46 Annas = 1 Rupee 

1 Comp. Rupee= Is. \%i\d. 

1 Sicca Rupee = !«. Ufa. 



lOMaoe 

71 Taels 
1 Dollar 



20. China. 

= ITael 

= 100 Dollars 

r= As. 7\d. 



THE 



PBINCIPLES OF ARITHMETIC 



TAUGHT IN 



PROPOSITIONS 



THE 



PRINCIPLES OF ARITHMETIC. 



Prop. !• — To explain the common system of Notation^ 

The numbers from one to nine are denoted by the nine symbols l, 2, 3, 
4, 5, 6, 7i 8, 9, and a tenth 0, called a cipher, is used to denote the absence 
of number, or naught. It remains to be shewn, how by means of these 
symbols all numbers may be denoted. 

Suppose a number of counters in a bag, which we will call A, and 
suppose other bags B, C, D, &c. in a line witli A, A being on the right 
hand, let the counters be counted out by tens, and for every ten counted 
let one be placed in the bag h. When all the tens have been counted, the 
counters in B will shew the number of tens in the whole, and those that 
remain in A will shew the number of single counters besides. Now let 
the counters in B be counted in the same way, and for every ten counted 
let one be placed in C. When all the tens have been counted, the counters 
in C will shew the number of tens of tens, or hundreds, in the whole, and 
those that remain in B will shew the number of single tens besides. Let 
the same operation be repeated with the counters in C, &c. till the number 
in every bag is less than ten. Let it be observed, that each counter in A 
represents 07i«, each in B represents ten, each in C one hundred f &c. Re- 
membering this, we can by looking at the counters in the several bags tell 
how many counters there are altogether; i.e. the number is denoted by the 
counters in the bags. 

Now let each bag be labelled, and on the label let there be written the 
figure denoting the number of counters in the bag, and over the %ure also 
the number of counters represented by each single one in the bag, viz. on 
A let there be written units, on B tens, &c. Knowing then, as we do, the 
number of counters in each bag from the figure on the label, we can form 
the same idea of the whole number by looking at the figures, as by looking 
at the counters themselves, and more easily, because we aie saved the 

M 
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trouble of counting the number in each bag. Thus the number is denoted 
by the figures on the labels. Now if we look at these figures, and the 
writing above them, we perceive that, as they are arranged in a line, the 
number denoted by any figure increases ten- fold with every increase of its 
distance from the right . Thus a 2 on A signifies 2 units ; on B 2 tens, or 
ten 2's ; on C 2 hundreds or ten times ten 2's ; and so on. If then we 
recollect this fact, we may dispense with the writing over the figures, and 
we have left only the figures themselves, arranged in a certain order, each 
figure also having a signification depending on its position in the rank. In 
this way any number whatever may be denoted by the ten symbols, or 
figures, by making the same agreement respecting the local value of the 
figures. 

Thus we have arrived at the ordinary system of Notation, or the system 
by which any number may be denoted by the ten symbols, which of them- 
selves cannot represent a number greater than nine. And the system is 
this: — The number is divided into collections of single units, tens, hun- 
dreds, &c. the number of collections of each kind being less than ten ; and 
then the figures, denoting the number of each kind of collection, are 
written in order from right to left, beginning with the units. 

Cor* Hence it appears that the addition of a number of units, tens, &e. 
less than 10 is performed by writing the figures, which represent their 
numbers one after the other, the highest denomination being on the left, 
the lowest on the right, the others being arranged in order according to 
their denomination, from the highest to the lowest, as we progress from 
left to right, a cipher being supplied, where any denomination is wanting. 

Prop, 2. — To shew how to increase a number hy an exact 

number of units, tenst S^c. 

Since the figures denoting a number shew the number of units, tens, &c. 
which the number contains, and since, if the number be increased by an 
exact number of units, tens, &c. it must contain so many more units, tens, 
&c. than it did before, therefore in general the figure in the units,' tens', 
&c. place must be increased by the given number of units, tens, &c which 
are to be added. 

If the increased figure be not greater than 9, the increased number will 
be denoted by putting this figure instead of the former. Thus if 563 be 
increased by 2 tens, the increased number will be denoted by 583. But, 

If the increased figure be greater than 9, it will be denoted by two 
figures, which cannot occupy the place of the former one, without entirely 
changing the number denoted. 

Thus if 563 be increased by 9 units, the increased number cannot be 
denoted by 5612, though 9 and 3 are 12; because 5612 denotes 5 thou- 
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sands, 6 hundreds, I ten, and 2 units, whereas the increased number is only 
5 hundreds, 6 tens, and 12 units. 

To determine what is to be done in this case, we have only to consider, 
that a number of units, tens,&c. greater than 9 are equivalent to two parts, 
yiz. to some number of tens, hundreds, &c. and a number of units, tens, 
&c less than 9. Thus 12 units are equivalent to 1 ten and 2 units. Now 
it will not alter the number, if we take away from one part and add to 
another the same number. Therefore we may remove the tens, hundreds, 
&c from the units, tens, &c. and add them to the other tens, hundreds, &9. 
in the number. Thus the number 563 increased by 9 units becomes 5 
hundreds, 6 tens, 12 units ; but 12 units are equivalent to 1 ten and 2 
units ; remove then the 1 ten from the 12 units, and add it to the 6 tens, 
thus making 5 hundreds, 7 tens, 2 units, or the number 572. 

Hence we conclude that, to increase a number by an exact number of 
units, tens, &c., we must increase by this number the figure in the units*, 
tens', &C. place ; aad if the figure so increased be not greater than 9, the 
increased number will be denoted by putting it in the place of the original 
figure ; but if the figure so increased be greater than 9, we must change it 
into tens and units, and, writing the units in the place of the original 
figure, increase the figure of the next higher denomination by the number 
of tens. 

Cor» Similarly it may be shewn that the method of increasing a com- 
pound quantity by a number of any one of its denomination is this. Add 
the given number to the number of the same denomination in the given 
quantity ; if the sum be less than the number of units, which make up 
one of the next higher denomination, write it in the place of the original 
number; but if the sum be not less than this number, convert it into a 
number of units of the next higher denomination, add it to the number of 
this denomination in the given quantity, and write the remainder in the 
place of the number first increased. 

Prop* 3. — To shew how to diminish a number hy an exact 
number of units, tens, ^c, less than ten. 

Since the figures, denoting a number, shew the number of units, tens, 
&c. which the number contains, and since, if the number be diminished 
by an exact number of units, tens, &c. it will contain so many fewer units, 
tens, &c. than it did before, therefore in general the figure in the units', 
tens', &c. place must be diminished by the given number of units, tens, &c. 
to be taken away. 

If the figure to be diminished be not less than that by which it is to be 
diminished, the diminished number will be denoted by putting the dif- 
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ference initetd of the original figure. Thus if 765 be diminished by 5 
tens, the diminished number will be denoted by 715. But, 

If the figure to be diminished be less than that by which it is to be di- 
minished, since we cannot take a greater from a less number, we must 
consider in what way the result is to be found. Now it does not alter the 
number to take away from one part and add to another the same number. 
Therefore we may take away 1 from the number of the next higher deno- 
mination to that with which we are dealing, and add it to the number of 
this one, thus increasing it by 10. Now we are able to diminish it by the 
required number; and the result will be denoted by writing the difiPerenoe 
in the place of the original figure, and diminishing the figure of the next 
higher denomination by 1. Thus let it be required to diminish the numbw 
765 by 9 tens : we consider that the number 765 contains 7 hundreds, 6 
tens, and 5 units ; or six hundreds, 16 tens, 5 units ; and therefore the 
diminished number will contain 6 hundreds, 7 tens, 5 units, or will be 675. 

Hence we conclude that, in order to diminish a nuoaber by an exact 
number of units, tens, &c. w6 must, if possible, diminish the figure in the 
units', tens', &c. place by the given number ; but if not, we must increase 
it by 10, and then diminbh it by the number, and diminish also the figure 
of the next higher denomination by 1. 

Cor, Similarly it may be shewn that to diminish a compound quantity 
by a number of any denomination, we must, if possible, diminish the 
imits of this denomination in the given quantity by the given number. 
But if this be not possible, we may diminish the units of the next high» 
denomination by 1, and having added its equivalent in units of the lower 
denomination to the number of lower denomination, we may then eSedt 
the subtraction. Thus to diminish £9 : 10 : 6 by 15«. we may diminish the 
£9 by 1, and adding the equivalent of £1, viz. 20s. to the 10«. may sub- 
tract 15«. from the sum ; thus obtaining the remainder £8 : 15 : 6. 

Prop. 4. — To prove and explain the Rule for Addition 

of Numbers. 

Let the numbers be represented by heaps of counters, then their sum wiU 
be represented by all the counters together, and might be found by putting 
them together, and counting them. But provided that all are counted, the 
total number in their sum will not be affected by the manner or order in 
which they are counted. Let then each heap be separated into several 
heaps, and let these be again grouped together in anp manner ; then the 
sum may be found by counting each of these groups in succession. Hence 
in adding numbers, we may separate them into any parts we please, group 
the parts, and add the groups successively in any order we please. 
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It remains to be seen what is the most convenient method of separation , 
and of grouping; and what the order of adding the groups. To determine 
this, we consider, that the sum is to be presented in the form of a number of 
units, tens, &c. and therefore our object is to find these numbers. Also no 
denomination of figures can arise from, or be affected by, the addition of 
higher denominations, but may arise from, and be affected by, the ad- 
dition of lower denominations. From these considerations it appears that 
the most convenient method of separation will be into units, tens, &c ; and 
that the same must be the method of grouping. Also it appears that 
if we add the group of units first, we shall find the whole number of units ; 
and if we then add to this sum the tens, hundreds, &c. in succession, W9 
shall find the whole number of these denominations. 

Let then the units be added, and the sum converted into tens aud units ; 
the units may be written down, as the units in the whple sum. Let next 
the tens be added to this partial sum, which is done (Prop. 2) by adding 
the numbers of tens in the several numbers to the tens in the partial sum. 
This sum being converted into tens and hundreds, the tens may be written 
down as the number of tens in the whole sum ; and the hundreds being 
added to the hundreds in the several numbers, will give the number of hun^ 
dreds in the sum. In the same manner all the denominations may be 
found. 

Prop, A, — To explain the Rule for Compound Addition, 

As in Addition of numbers, we may separate the quantities into any 
parts, and add them in any order. And because the addition of higher de- 
nominations cannot affect the lower, but the addition of lower may affect 
the higher, therefore the quantities being separated into their several deno- 
minations, the addition is commenced by adding the lowest first, and pro- 
ceeding in order to the highest; and this addition is performed {Cot. Prop. 2) 
by adding the numbers of the several denominations in order. 

Prop, 5. — To prove and explain the Rule for Subtraction 

of numbers. 

If from a number of counters we are required to take away a given num- 
ber, it can make no difference in the number that will remain, whether we 
take away the whole nunjber at once, or in several portions, provided that 
the whole be taken away. Hence in subtracting one number from another 
we may separate the subtrahend into any parts we please, and subtract them 
in any order we please. But as the difference is to be expressed as a num- 
ber of units, tens, &c. and as no denomination of figures can be affected by 
the subtraction of a higher, but may be affected by the subtraction of a 
lower ; therefore it appears that it will be most convenient to separate the 
subtrahend into units, tens, &c. and to subtract first the units, then the 

m2 
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teas, and so on in order; for by so doing we shall certainly find the whole 
number of units, tens, &c. in the difference. 

Let the units of the subtrahend be subtracted ; this is done (Prop. S) by 
subtracting the units' figure of the subtrahend from that of the diminuend, 
if possible! or from that of the diminuend, increased by 10, the next higher 
figure of the diminuend being diminished by 1 . The difference so obtained 
is the number of units in the whole difference : and the diminuend so 
altered is the first partial difference. We have now to subtract the tens of 
the subtrahend, which is done (Prop. 3) by subtracting the tens' figure &om 
that of the partial difference, if possible i or (if not) from it when increased 
by 10, the next higher figure of the diminuend being diminished by 1. The 
difference so obtained is the number of tens in the whole difference ; and 
the first partial difference so altered, is the second partial difference. In 
like manner the number of hundreds, &c. in the difference will be ob- 
tained. 

Hence the Rule for Subtraction might be given thus : — When the upper 
figure is less than the lower, increase it by 10, and diminish the next higher 
figure of diminuend by 1. But whether we diminish the diminuend, or 
increase the subtrahend by any number, the final difference is the same, 
since in th6 one case we are subtracting in two parts, in the other in one. 
Hence (and because it is perhaps more convenient) the Rule is given to 
increase the next higher figure in the subtrahend by 1, whenever any figure 
of the diminuend is increased by 10% 

Note. The increase of the figure of the diminuend by 10, and of the sub- 
trahend by 1, may also be explained by considering that by so doing we are 
in fact increasing both by the same number. And if two numbers be both 
increased by the same number, their difference remains unaltered. 

Cor. The Rule for Compound Subtraction may be proved and explained 
in precisely the same manner by substituting for units, tens, &c. the deno- 
minations of the given quantities. 

Prop. 6. — The product of two numbers is the same, whichever 

be the multiplier. 

Place in a line 12 dots: draw a line after every third, and every fourth 
dot. It is thus seen that the 12 dots are composed of four groups of S dots, 

or of 3 groups of four dots. Hence 3 times 4 are equal to 4 times 3. The 
same may be proved of any numbers whatever, the multiplicand being ah- 
stract or concrete. 

The same Prop, exhibited algebraically:— If a and 6 be the two num- 
bers, then a X 6 = * X fl» 
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Prop* 7. — To prove that the product of one number by another 
is equal to the sum of the products of each part of the muU 
tipUcand and multiplier. 

Since Multiplication is only a short process of Addition, and since in 
adding numbers we are permitted to separate them into parts, and grouping 
the parts to add each group in succession, therefore in Multiplication we 
may do the same. The only difference between this process and Addition 
is, that the parts of each group being the same, the number in each is found 
by the aid of the Multiplication Table, instead of by direct Addition, and 
is called the product instead of the sum. In other respects the processes of 
Multiplication and Addition are precisely similar. 

The same Prop, exhibited algebraically ; — If A be the multiplicand, and 

A=a-f&-fc-(- &c. and m be the multiplier ; then 
AX«»= aX»» + ^Xm-fcX«»*|*&c. 

Prop. 8. — To prove that the product of two numbers is eqiuU 
to the sum of the products of the multiplicand by each part 
of the multiplier. 

Since the product of two numbers is the same, whichever be the multi- 
plier; therefore let the multiplio^nd be supposed to be the multiplier. Then 
the product of the two is equal to the sum of the products of the several 
parts of the present multiplicand by the present multiplier, t. e, is equal to 
the sum of the products of the several parts of the real multiplier by the 
real multiplicand ; or is equal to the sum of the products of the multipli- 
cand by the several parts of the multiplier. 

The same Prop, exhibited algebraically : — If A be the multiplicand, M 
the multiplier, and M=:a-(-6-(-c-l' &c. then 

AXM=MXA = (a + 6 + c+&c.)XA (Prop. 6.J 
= oXA + 6XA + cXA + &c. (Prop. 7.) 
= AXa + AX*-|-AXc + &c. 

Prop. 9. — To prove the Rule for Multiplication by a com^ 

posite number. 

The product of two numbers is equal tu the sum of the products of the 
multiplicand by the parts of the multiplier. If all these parts, and there- 
fore the products, be equal, the sum may he formed by the short process 
of Multiplication by their number. Now a composite number (supposed 
to consist of two factors) is composed by the sum of one number repeated 
as often as there are units in another. Therefore the product by a com- 
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polite number is equal to the sum of as many products by one number at 
there are units in another, and may therefore be found by multiplying one 
product by the number of products. That is, to multiply by a number 
composed of two fiutors, we may multiply by one first, and this product by 
the other. 

If the multiplier be composed of more than two factors, they may be 
reduced to two, and the product formed by multiplying by each of these. 
But the products by each of these two may be formed in the same manner 
by multiplying in succession by each of two factors of which it may be 
composed ; and the same may be said of every multiplier, which is com- 
posite. So that generally to multiply by any composite number, we may 
multiply by each factor in succession. 

Prop, 10, — To prove the Rule for Multiplication by 

10, 100, &c. 

Since 10 times 6 (or any other number) are equal to 6 times 10 (Prop. 6), 
therefore the multiplication of units, tens, &c. by 10, changes them respec- 
tively to tens, hundreds, &c. Now if we place a on the right of a number, 
it has the effect of increasing by 1 the distance of each figure from the 
right, and therefore of increasing tenfold its signification, t. e. it has the 
same effect as multiplication by 10. Therefore to multiply by 10 we have 
only to place a on the right of the number. Similarly to multiply by 
100, 10000, &c. we have only to place on th^ right of the number as many 
ciphers as there are in the multiplier. 

Cor. Hence, and by the previous Proposition, the multiplication by any 
number, having ciphers on the right, is effected by adding on the right as 
many ciphers as there are in the multiplier, and multiplying the result by 
the figures of the multiplier, when the ciphers have been removed. 

Prop, 11. — To explain the Rule for Multiplication by any 

number. 

If the multiplier be not greater than 12, then (Prop. 7) we may find 
the product by multiplying each part of units, &c. in succession by the 
multiplier (with the aid of the Multiplication Tablej and adding the pro- 
ducts, which in practice is done as they are formed. 

If the multiplier be greater than 12, since the product of one number by 
another is equal to the sum of the products by any parts into which the 
multiplier is divided ; therefore we are at liberty to divide the multiplier into 
any parts we please, to multiply by each part separately, and add the products ; 
and doing so we shall obtain the whole product Now by the Rule for Mul- 
tiplication, the multiplier is divided into units, tens, &c and the successive 
products formed are the products by these several parts, the first being that 
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by the units, the second that hj the tens, where the 0, which should be in 
the unit's place is omitted in writings but retained in significance by plac- 
ing the next figure qf the product under the tens' place. In the same man- 
ner it ie seen that the third product is that by the hundreds, the fourth that 
by the thousands, &c. ; the ciphers at the end being omitted in writing, but 
retained in significance. 
This will be more apparent by working an example :— 

5765 The same as usually written 5765 

4897 4897 

40355 = 7 times the multiplicand 40355 

518850= 90 51885 

4612000= 800 46120 

23060000 = 4000 23060 

28231205 = 4897 28231205 



Prop. B. — To explain the Rule for Compound Multiplication. 

If the multiplier be less than 12, the Multiplication is performed pre- 
cisely on the same principle as Addition, the sums of the several denomi- 
nations being found by the short process of Multiplication. 

If the multiplier be greater than 12, and a composite number, the true 
product is, found by multiplying by the factors in succession. This is 
evidently true, when the multiplicand is only of one denomination (Props. 
6, 7, 8, 9) ; and when it is of several, it may be reduced to one, and the 
Multiplication then performed. But since the product of a whole is equal 
to the sum of the products of the several parts, therefore we may multiply 
the parts of the multiplicand as they stand, without reduction. 

If the multiplier be greater than 12, and not composite, then by Prop. 8 
we may separate it into any parts we please, and, multiplying by these 
separately, may add the products. And this is done by the rule, according 
to which the multiplier is separated either into units, tens, &c. ; or into the 
sum of a composite number and another less than 12. 

Again since the result of the repetition of a quantity a certain nimiber 
of times may be obtained by repeating it a greater number of times, and 
by subtracting the result of its repetition a number of times equal to the 
difference, therefore the product by any number may be found by multi- 
plying by a greater number, and subtracting from the result the product 
by the difference. 

Prop* 12. — To prove that the quotient of one number by 
another is equal to the sum of the quotients of parts of 
the dividend divided by the divisor. 
Since the quotient expresses tlie number of times which the divisor is 
contained in the dividend ; or, in the case of a concrete dividend, is the part 
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of it denoted by the divisor, therefore the dividend is equal to the product of 
divisor and quotient. Hence 
Divisor X quotient =: dividend = sum of parts of dividend 
but each part of dividend = divisor X its quotient 
•*. Divisor X quotient := sum of products of divisor into each partial quotient 
(Prop. 8) == divisor X sum of partial quotients 
.*. Quotient =: sum of partial quotients. 

The same Prop, exhibited algebraically : — Let D be the dividend, d the 
divisor; and letD = a-4-&-fc-f ^^' * ^^^ Q be the whole quotient; 
q, r, 8i &c. the quotients of a, 6, c, &c. divided by d ; Then 

rfXQ = D = a + 6 + c + &c. 

= dX?+rfXr + rfX« + &c 
= rfX(9 + r + * + &c.) 
.♦. Q = g-(-r + *-J- &c. 

Prop, 13. — To shew that the quotient of the proditct of two 
or more numbers may he obtained hy dividing one of themt 
and multiplyiny the quotient by the rest. 

Divisor X quotient = dividend = product of the factors of dividend. 
Putting therefore in place of one factor the product of the divisor into its 
quotient, which is equal to the factor, we have 

Divisor X quotient = (divisor X partial quotient) X the other Victors 
(Prop, 10) == divisor X (partial quotient X the other factors) 
.*. Quotient = partial quotient X the other factors. 
The same Prop, exhibited algebraically:— Let D be the dividend, d the 
divisor, Q the quotient; and let D = a X ^ X c X &c. ; let the quotient 
of a by dheq: then 

i/XCl = D = flXftXcX&c. 

= (rf X g) X * X c X &c. 
= rfX(?X*XcX&c.) 
.-. a = g X * X c X &c. 
Cor, Hence if we divide an exact number of tens, hundreds, &c. by 
any number, the quotient obtained by throwing away the ciphers and 
dividing will be number of tens, hundreds, &c. in the whole quotient: in 
other words a number of tens, hundreds, &c. when divided, give a number 
of tens, hundreds, &c. as the quotient. 

Prop, 14. — To explain the Rule for Division of Numbers, 

The quotient of one number divided by another is equal to the sum of 
the quotients of any parts into which the dividend is separated (Prop. 12.) 
Hence we are at liberty to separate the dividend into any parts we please, 
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to divide each of them, and add the quotients. It remains to he seen 
what method of separation is most convenient. 

To determine this, it is to he considered that our ohject is to find the 
number of units, tens, &c. in the quotient. Now no denomination of 
figures can arise from the division of a lower denomination, but may arise 
from the division of one higher. Therefore separating the dividend into 
units, tens, &c. and commencing the division with the highest denomina- 
tion in the dividend, we shall certainly determine the true number of that 
denomination in the quotient (Cor. Prop. 18.) Let then the division be 
commenced by dividing the number of the highest denomination in the 
dividend ; if this number contain the divisor, i.e. be not less than the 
divisor, the number of exact times the divisor is contained may be written 
as the number of this denomination in the quotient. If there be any 
remainder, (which is ascertained by subtracting the product of divisor and 
the quotient from the figures divided,) or if the number do not contain the 
divisor, then there cannot arise from the division of this remainder, or 
number, any number of this denomination in the quotient, but there may 
arise a number of the next denomination, and also from the division of the 
next number in the dividend ; therefore let the remainder be converted into 
the next lower denomination, and let the number of this denomination in 
the dividend be added to it, which is done by affixing this number to the 
remainder. Now if this number be divided, the eaact part of the quotient 
will be the number of this denomination in the whole quotient. In the 
same manner the numbers of the other denominations may be found. 

Thus the dividend will at length have been separated into several parts, 
each of which contains the divisor a number of single times, tens of times, 
&c. The quotients of these parts being written after one another as they 
occur are in fact added (Cor. Prop. 1), and are equal to the whole quotient. 

It being evident that there can be bo denomination of figures in the 
quotient, of which there is not in the dividend a number greater than the 
divisor, therefore in commencing the division, we may at once take as our 
first dividend the least number of figures on the left, which compose a 
number not less than the divisor, and the denomination of the last of them 
will be the highest denomination in the quotient. 

The foregoing explanation will be better understood by an example. — 
Divide 87444 by W. 

Here we see at once that the highest possible denominstion of figures in 
the quotient is hundreds. Therefore let the dividend be separated as below ; 

874 hundreds -(- 4 tens -)- 4 units. 

We may now commence the division with the 874 hundreds; and we 
find that 347 is contained twice in 874 with 180 over. Therefore there are 
2 hundreds in the quotient. We have next to ascertain the number of 
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tens, which may arise from the division of the 180 hundreds in the re- 
mainder just ohtainedy and also from the 4 tens in the dividend. As the 
quotients of parti of a dividend are equal to the quotient of the whole, 
therefore the quotients of 180 hundreds, and 4 tens are equal to the quo- 
tient of their sum, t.e. of 1804 tens. Dividing this number by 347, we 
iiod 5 as the number of tens in the quotient with 69 tens over. In the 
same way the number of units in the quotient is found to be 2. Therefore 
the whole quotient contains 2 hundreds, 6 tens, 2 units, or is equal to 262. 
The process of Division may be written thus : — 

divisor, hundreds. tens. units, hundreds. 

847 ) 874 „ 4 „ 4 ( 2 
2X847=694 

180 = 1800 tens 
add 4 tens 



347)1804(6 tens 
5 X 847 = 1735 

69 = 690 units 
add 4 units 



847)694(2 units 
2 X 347 = 694 

The ordinary method will be seen to be merely an abbreviation of this. 

Cor. In precisely the same manner the Rule for Compound Division 
may be explained by merely substituting the denominations of the quan- 
tities for the units, tens, &c. in the Proposition. 

Prop. 15. — To prove that the quotient obtained by successive 
division by several numbers is the same as from the di- 
vision by their product ; and to prove the Rule for the 
formation of the total remainder* 

Let the dividend be represented by counters, equal in number to the 
units in the dividend. Let them be divided into equal heaps fwhich call 
A), the number of heaps being equal to the 1st divisor. The number of 
counters in each heap will represent the Ist quotient, and the number of 
those that are over will be the Ist remainder. Now let each of the heaps 

(A) be divided into equal heaps (which call B), the number of heaps being 
equal to the 2nd divisor. Then there will altogether be a number of heaps 

(B) equal to the product of the 1st and 2nd divisors. And the number of 
counters in each heap will represent the quotient of the 1st quotient by 
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the 2nd divisor, or the 2nd quotient Also there will remain over from 
the division of each heap (A) the same numher or 2nd remainder; there- 
fore from the division of the whole of the counters there will remain a 
number equal to the product of the 2nd remainder and 1st divisor together 
with the 1st remainder. Now assuming the two remainders to be the 
greatest possible, viz. less by one than the respective divisors, the product 
of the 2nd remainder and 1st divisor will be less by the 1st divisor than 
the product of the two divisors; therefore adding the 1st remainder, we find 
the total remainder to be less by one at least than the product of the 
divisors. Hence the number of counters in each heap (6) is the greatest 
possible number that can be obtained by dividing the whole number into 
equal heaps, in number equal to the product of the two divisors. In other 
words the number of counters in each heap (B) represents the quotient 
from the division by the product of the two divisors. Hence to divide by 
a number composed of two factors, we may divide by each factor in suc- 
cession, and the total remainder will be found by adding the 1st remainder 
to the product of the 1st divisor and the 2nd remainder. 

If the divisor be composed of more than two factors, they may be re- 
duced to two, and the quotient obtained by successive division by each of 
these. But the division by each of these may be performed in like manner 
by dividing by each of two factors, of which it may be composed ; and the 
same may be said of any divisor, which is composite. Hence to divide by 
any composite number, we may divide by each factor in succession. 

Also for the formation of the remainder, we have to consider that the 
result of any number of divisions is (as has been proved) the same as the 
result from division by a number equal to the product of the Aivisors, 
hence the final result is the same, as that from division by the last divisor, 
and by the product of all the rest Therefore (by the first part of the 
Prop.) the remainder after 3 divisions is equal to the product of the 3rd 
remainder and the first 2 divisiors together with the remainder after two 
divisions. Similarly the remainder after 4 divisions is equal to the product 
of the 4th remainder and the first 3 divisors together with the remainder 
after 3 divisions. Thus the remainder after any number of divisions is 
evidently to be obtained by multiplying each remainder into the product 
of all the previous divisors, adding the products and the first remainder, 
which is the rule. 

The same exhibited algebraically: — Let Ui, Aq, as, &c. be the successive 

divisors; ri, r^, rs, &c. the successive remainders from each division; 

Ri, R2} Rsy &c. the total remainders after one, two, three, &c. divisions: 

then 

Ri = ri ; Ra = ra X fli, + r^ 

R3 = **8 X Oa X fli + R2 

= rs X tta X fli + ra X fli + ri 

&c. =: &c. 

N 
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Prop, 16. — To prove the Rule for Division by any nurnher 

having ciphers on the rights 

Since units, tens, &c. on mnltiplication by 10, Itecome respeetiyelj tens^ 
hundreds, &c. therefore conrersely tens-, hundreds, fire^ wken divided by 
10, become respectiTely units, tens, &c. Now if we take away the figure 
on the right of any number, so as to nteke the tens* figure occupy the 
units' pkce, &c. we llius convert the tens, hundreds, &c. into units, tens, 
&c. i.e. we effect ihe same result as by the ^vision b^ 10. Hence to divide 
by 10 we have only to take away the figure on the tight ; the figures that 
then fem^ will form the quotient, and that taken away will be the tv- 
inainder. In a similat manner it may be shewn thlit th6 division by 100^ 
1000, &c. may be performed by taking aw^y froto tiie right hand as maliy 
figures as there are O's in the divisot. Hence, and by the previous Prop. 
the division by any number having ciphrets on the right ihay be perfoitned 
by taking away (or marking off) as toany figures on the tight &s there are 
O's in the divisor, and diVid&ig thie remaining figures of the dividend by 
the remaining figures of the diviBo(r, aft«r throwing away the ciphera. 
Thus to divide by 25000, mark off 8 fiflfures ftom ^e rtghl of the dividend 
(wiiich is ib fact dividing by 1000), sind divide the regaining fi^j^Qirefe by 29. 
The t^mainder will then be dbtait^ed by affixing the ciphers taken away 
to the remainder fifom Htxt division, and adding iStA figtiSfes eut off firdin Uie 
dividend. 

Prop. 17. — Every factor of a number is a mtAsure of the 
samet and every measure is a factor, 
. Sinoa fiictors are numbers, which by their product compose a given 
number, therefore every &ctor, or the product of any number of co-factors, 
will divide the given number without remainder, the quotient being the 
product of the other co-factors. Therefore every factor of a number is 
aUo a measure of the same. Conversely, every measure of a number is 
•a factor of the same. For the measure multiplied by the number of times 
it is contained in the given number becomes equal to the given number. 
Therefore the measure is one of those numbers, which by their product 
compose the given number, and is consequently a factor. 

The same Prop, exhibited algebraically ;— Let N be the given Humber, 
a, b, e. &c its factors. Then 
N=«X*XcX&c. = aX(6XcX &c.) = (a X &) X (c X &c.) 
.'. N contains a a number of times equal to (^ X c X &c.) and 

N contains a X & <^ number of times equal to (c X &c.) ; &c. &c. 
.*. a, a X &9 &c. are measures of N. 
Again let n measure N, or be contidned in N, a times, 

th6n N = ft X a 
.*. ft is a factor of N. 
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Prop, 18. — If one number measure another , the factors of 
the first are factors also of the second^ 

The second may be obtained by multiplying by the first the number of 
tim[es it is contained in the second. But if the first be a composite number, 
this Multiplication may be effected by multiplying by each of its factors in 
succession. Therefore each of these fiictors being one of the numbers, 
which by their product form the second, is a &ctor of the second. 

The same Prop, exhibited algebraically: — Let the number n measure N ; 
or let N contun n, a times ; let » = & X c X &c. : then 

N = aX« = aXi*X<^X&c.) = aX*XcX&c. 
.*. bf c, &c. are numbers whichj together with a, by their product form N. 
.'. b, c, &c. are fiictors of N. 

Prop, 19. — If one number measure another t the first mea^ 

sures also every multiple of the second. 

Since the second number is a factor of its multiple, it is therefore a 
meaauro of the same (Prop. 17) s consequently every factor of the second 
la « ^tor of its multiple (Prop. 18) s but every measure of the second is 
4 fiiolor of it <(Prop. 17)) therefore ev^ry measure of the aecond is a factor 
and measure of erery multiple of the second. 

The same Prop, exhibited algebraically : — Let ft measure or be contained 
in N, a times ; so that N =x n X a ; then 

NX« = («Xa)X»»=:nX(aXi»). 
Hence N X "> contains n, (a X m) times, or n measures N X fn« 

• Prop, 20. — If one number measure each of two others, it 

measures also their sum or difference. 

Since the quotient of a sum may be obtained by dividing each part and 
adding the quotients, therefore if we divide each of two numbers by another, 
and Add the quotients, we shall obtain the quotient of their si|m. Now 
the quotient of each of th^ two given numbers divided by their mea8\ire is 
an ex€ict quotient, therefore the sun) of thes^ quotients, i.e, the quotient of 
the sum of the two numbers, is ajso an exact quotient. Hence the given 
measure of the two numbers measures also tlieir sum. 

Again s since the laiger of two niunbers is equal to the sum of the 
smaller and their difference, therefore the quotient of the larger divided by 
any number, is equal to the sum of the quotients of the smaller, and their 
difference, divided by the same number. But if the divisor be the given 
measure the first and second of these quotients are exact, therefore the last 
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must also be ; for no whole number can be equal to the sum of a whole 
number, and a fraction. Hence the difference of the two numbers is mea- 
sured bj any measure of the two. 

The same Prop, exhibited algebraically: — Let N and M be the two 
numbers, m a common measure of them : let M = m X a» N = m X ^ : 

then 

M + N = i«Xfl + «»X6 = «X(a + *) 
.*. m is contained in M -{- r«i, (a -(- b) times. 
Again, if M be greater than N, then 

M = (M — N) + N 
.-. M -;- i» = (M — N) ^ m + N -4- w 
or a = (M — N) ^ «i + 6 
.-. a — 6 = (M — N)^m 
hence m is contained in M — N, (a — £) times. 

Prop. 21. — To prove that the G,C.M, of several numbers 
is the product of all the common prime factors. 

Since all the factors of any measure of a number are factors of the 
number itself, therefore all the fsLCion of every common measure, and of 
the G.C.M. are factors of all the numbers. Hence all the prime factors 
of the G.C.M. are prime factors of all the numbers. Again since every factor, 
or the product of any number of co-Cictors, of a number is a measure of it, 
therefore the product of all the common prime fsu^tors is a common mea- 
sure of all the numbers. It is also the G.C.M. For all the factors of the 
G.C.M. are among these factors, therefore the G.C.M. cannot contain more 
than these factors, and evidently it cannot contain less than all of them, for 
if it could there would be a common measure greater than the G.C.M. viz. 
the product of all the prime factors, which is impossible. Hence the G.C.M. 
is the product of all the prime factors common to all the numbers. 

Cor. 1. Hence every common measure of several numbers is a measure 
of the G.C.M. For all the prime factors of every common measure are 
prime factors of all tlie numbers ; bat the G.C.M. contains all these prime 
factors, therefore the G.C.M. is a multiple of the product of any number 
of them ; or the product of any number of them, i.e, any common mea- 
sure of the numbers, is a measure of the G.C.M. 

Also every measure of the G.C.M. being the product of some of the 
common prime factors of the numbers, is a common measure of them. 

Oor. 3. If any of the numbers be measured by any of the others, they 
may be omitted in the formation of the G.C.M. For evidently no more 
common factors can be obtained from the multiple than from the measure ; 
and any factor which is common to the measures, and the others, is com- 
mon also to the multiples. 
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Prof, 22. — To 'prove and explain ike Rule for finding the 
G. CM, of two number Si when their prime factors are 
not easily obtainahlet 

Since the G.C.M. cannot be greater than the less of the two numbers, 
and may be equal to it, therefore it is first ascertained whether the less be 
a measure of the greater, which is done by dividing the greater by the less. 
If there be no remainder, the G.C.M. has been found to be equal to the 
less. But if there be a remainder, it is considered as follows :~Every 
common measure of divisor and dividend is a measure of the remainder, 
and therefore a common measure of divisor and remainder. For every 
common measure of divisor and dividend measures also the product of 
quotient and divisor (Prop. 19), and the dividend, and therefore measures 
the difference of these, or the remainder (Prop. 20) ; and hence is a com- 
mon measure of divisor and remainder. 

Again, every common measure of divisor and remainder is a measure of 
the dividend, and therefore a common measure of the divisor and dividend. 
For every common measure of divisor and remainder measures the product 
of quotient and divisor (Prop. 19), and the remainder, and therefore mea- 
sures the sum of these, or the dividend (Prop. 20), and hence is a common 
measure of divisor and dividend. 

Hence, every common measure of divisor and dividend being a common 
measure of divisor and remainder, and vice versa, it follows that the G.C.M.^ 
of divisor and dividend is a common measure of the divisor and remainder, 
and cannot be greater than their G.C.M., else the divisor and remainder 
would bQ measured by a number greater than their G.C.M^ which is absurd .- 
nor can 1^ be less, else there would be a common Qieasuxe greater than the 
greatest, viz. the G.C.^{, of divisor and remainder. If then yre find the 
G.C.M. of the less and remainder, we shall have found the G.C.M. of the 
two given numbers. The fijst step Iq this investigation is the $ame as in 
the first, viz. to ascertain by division whether the less be the measure of 
the giceater. If it be, the G.C.M. is found, but if not, the same considera- 
tions, as before, will shew th&t the G.C.M. is the 9ame as that of the 1st 
and 2nd remainders, to find which b^as w>w to be tried in the same manner 
as the othera. 

From this it ia concluded that if the greater of the two numbers he 
divided by the less, and the Ist divisor by the Ist remainder, the 1st re- 
mainder by the 2nd remainder, and so on» each remainder iu its turn 
becoming 4 divisor of the previous divisor, and the division being con- . 
tinued till there is no remainder, then the G.C.M. of the two numbers 
will be th^f of the let divisor and 1st remainder, or that of Ist and 2nd 
rfcmaindersy or tbat of 2nd and 3rd, &c. or that of the last but one, and the 

n2 
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last Bnt the G.C.M. of the last but one and the last remainders is the 
last remainder, which is also the last divisor. Therefore the process being 
as above, the last divisor will be the G.C.M. 

The same Prop, exhibited algebraically : — Let a, 6, be the two numbers, 
of which suppose b the less ; divide ahj by let the quotient be p ; if there 
be no remainder, e^ddently b is the G.C.M. ; but if there be a remainder, 
let it be c, so that az:ipb'\- c; czna — pb. 

Now every common measure of a and b measures a and p6, and .*. a-^pbf 
or c. Again, every common measure of b and c measures jA and c, and 
.*. p&-|-c,ora. Hence every common measure of a and d is a common 
measure of b and c ; and vice versa. Therefore the G.C.M. of a and 6 is a 
common measure of b and c, and cannot be greater than the G CM. of 
b and c ; nor can it be less than this, for if it were, then the G.C.M. of 
b and c being a common measure of a and 6, a and b would have a common 
measure greater than the G.C.M., which is absurd. Hence the G.C.M. of 
a and b is equal to that of b and c. Let it then be tried to find the G.C.M. 
of b" and c in the same manner as that of a and b. Divide b by c, let the 
quotient be g, the remainder d; then it may be shewn as before, that the 
G.C.M. of b and c is equal to that of c and d. Let then the division be 
continued till there is no remainder, by dividing each divisor by the re- 
mainder from each division, and,it will appear by reasoning from step to step 
that the G.C.M. of a and b is equal to that of the last and last but one re- 
mainders, or to the last remainder or divisor. 

Prop. 23. — To shew that the G. C. M, of several numbers 
may he obtained by finding first the G. C, M, oftwot then 
of this and a third, next of this last and a fourth, and so 
on ; the last so obtained being the G. C, M, of the whole. 

Every common measure of two numbers is a measure of their G.C.M. 
therefore every eommon measure of three is a common measure of the 
G.C.M. of the first two, and of the third. Again, every measure of the 
G.C.M. of two numbers is a commou measure of the t^o, therefore every 
common measure of t})e G.C.M. of two, and of a third, is a common mea- 
sure of the three. Hence it appears that the G.C.M. of three numbers is 
the G.C.M. of that of the first two, and of the third. Similarly it may be 
shewn that the G.C.M. of several numbers is the G.C.M. of that of all but 
one, and of that one. Whence the truth of the Prop. 

The same Prop, otherwise :— The G.C.M. of two numbers contains all 
the prime factors common to the two, and no other. Hence the G.C.M. of 
this and a third number contains all the prime factors common to the three, 
and no other; and therefore is the G.C.M. of the three. In the same way 
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it appears that tlie G.C.Af. of this, and a fourth, is the G.C.M. of the four; 
and so on, how many soever numbers there may be. 

Prop, 24. — To prove the Rule for finding the L.CM, of 

several numbers. 

Every number is a measure of its multiple, therefore all its prime factors 
are Cictors of the multiple. Hence all the prime factors of several numbers 
are factors of their conmion multiple ; and conversely a common multiple 
of several numbers contains all their prime factors, as its fiustors. This 
therefore is the only condition of a number being a common multiple «of 
several others, viz. that it contain all their prime fiictors, as its factors. 
Now evidently, of all the common multiples which may be formed subject 
to this condition, thai will be the least, in which the condition is only j'utt 
satisfied, in which therefbre no prime factor is introduced any oftener than 
is absolutely necessary to satisfy the condition, and in which there is no 
other factor than the factors of the numbers. Therefore if all the prime 
fiictOTS were different, the L.C.M. would be formed by multiplying all 
together ; but if any of the same factors appear once in two or more of them, 
it will be sufficient to introduce it once only as a factor, into the L. C. M. ; 
if it appear, twice, three times, &c. in one, and a less number of times in 
others, it must be introduced, as a factor, into the L.C.M* the number of 
times it appears in the first, aud no oftener i for, if it were introduced less 
often, all the &ctors of the first would not appear in the L.C.M. , and if it 
were introduced oftener, there would be more factors than are necessary. 
All the different fiictors must be introduced as before. Hence the Rule for 
finding the L.C.M. of several numbers evidently is :— *' Resolve them into 
their prime fiictors ; write down all the different factors which appear, re- 
peating each the greatest number of times, which it appears in the same 
number, and multiply all together." 

Cor, I, Hence the L.C.M. of two numbers may be found by dividing 
tfaeirproduct by their G.C.M., or by multiplying one of them by the quo- 
tient of the other divided by their G.C.M. For, the G.C.M. containing all 
the common prime factors, these are repeated twwe in the product of the 
numbers, whereas in the L.C.M. they are only required to appear once. 
Therefore the product of the numbers is equal to the L.C.M. multiplied 
by the G.C.M. ; or the L.C.M. is equal to the product divided by the 
O.C.M. And this quotient may be obtained by dividing one number and 
multiplying by the other. 

Cor. 2. Every common multiple of several numbers is a multiple of 
the L.C.M. and conversely. For every common multiple must contain all 
the prime factors of the numbers, and the L.C.M. contains no other factors 
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but these; tlierefore any other comroon multiple can onljbe formed by 
mtroducing other factors, by which the multiple becomes a multiple of 
the L.C.M. The converse is evident. 

Cor. 3. In forming the L.C.M. any numbers which measure any others 
may be omitted. For evidently if we introduce the factors of the mul- 
tiples, we introduce also the factors of their measures, so that we shall not 
find any more factors to introduce, if we consider the ipeasures, tbau if we 
omit them. 

Prop, 25,' — To shew that the, L. CM, of three or more 
numbers may be obtained^ by finding first the L.CM, of 
twOf then of this and a third ; next of this last and a 
fourth t and so 0% the L»C,M, last found being that re- 
quired. 

The L.C.M. of the first two contains all die prime factors of the first 
two, and no others; and the L.C.M. of three must contain all the prime 
factors of the three, and no others, and may therefore be found by multi- 
plying the L.C.M. previously found, by the prime factors of the thinl, 
which are not already factors of it, and which may be obtained by dividing 
the third by the G.C. M. of it and the former L.C.M. That is the L«C.M. 
of three numbers is the L.C.M. of that of the first two and of the third. 
Similar reasoning will apply to four or morenumbers. 

Prop, 26. — To explain the necessity, method, and meaning 
of the system of Fractional Numeration and Notation, 

lo order to render any magnitude a subject for Arithmetical calculation, 
it is necessary to denote it by a qumber or pumbers* The general ro^lhod 
of doing this is, by comparing it with some fixed magnitude of the same 
kind, called an unit; so as to discover how many of these units are con- 
tained in it : the magnitude is then properly denoted by the number of 
units, because, Jcnowing the exact magnitu()e of the un^t, we ^re able to 
form an idM of another nugnitude of the same kind* if we know the 
number of units, which it contains. 

If every magnitude contained some one of the units in ordinary use «n 
exact number of times, all might be denoted by ordinary numbers. But it 
is evident that such is not the case; for there may evidently be magnitudes 
less than the least of the units employed in estimating magnitudes of the 
same kind* And such magnitudes cannot be avoided in Arithmetical 
questions; therefore it 19 necessary to denote them in some manner by 
numbers. 
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Now if it appears that the magnitude in question contains an exact 
number of anp equal parts of an unit, (t.e. of such parts as are contained 
an exact number of times in the unit,) it might be denoted bj this num- 
ber, the part of the unit being called by some name, as another unit. But 
this method would involve the necessity of having a different name for 
every different exact part of an unit, which would manifestly be very 
inconvenient, and ineffective, as it would be impossible to remember the 
relative value of an infinite number of units. Instead therefore of giving 
to them names, as to other units, let them be called by those which may 
be said to be their natural names, viz. the parts of the unit, which they 
may be. Thus instead of giving to the thirteenth part of an inch any 
arbitrary name, let it be called '* the thirteenth of an inch; " and so for all 
other similar quantities. There will thus be no difficulty in conceiving an 
idea of the magnitude, expressed as it will be, in terms of known units, 
and of parts of units. 

Now, as in ordinary numbers, so here, it will manifestly conduce much 
to brevity, if we denote these parts of units (which may be called subor- 
dinate units) by some fixed method of notation. This of course is purely 
arbitrary, being determined only by convenience. 

The method adopted is that of writing underneath a line the number, 
denoting iheparticular part of the unit, and over the line the number, 
which shews how many of these parts there are in the magnitude, the name 
of the iinit being written after, before, or over, the whole. Thus ^ in. de» 
notes a magnitude, of which l.S compose an inch ; ^ in. denotes two such 
parts of an inch, and similarly other quantities are denoted. • 

Such magnitudes being formed by the repetition of equal parts of units, 
are called ** Fractions." 

From the above it appears that the meaning of such an expression as 
finch, is two fifths of one inch. It may also mean one fifth of two mcheSf 
fbr these may be shewn to be equivalent, as follows : — Take a line A B, 
equal in length to two inches ; bisect it in C ; and divide 

I I I I I I I I I I I 
A c B 

A C, C B, each into five equal parts, then it is seen that in A B there are 
ten of the same parts, of which there are five in A C; and therefore that in 
the fifth part of A B there are two of the same parts : — that is, one fifth of 
A B, or of two inches, is equal to two fifths of A C, or of one inch. Similar 
reasoning may be used respecting other quantities. Hence it appears, that 
the fractional notation may be properly used to express the quotient of a 
concrete by an abstract number. For a part of any quantity is obtained by 
dividing by the numbef of parts, therefore f inch, which means the fifth 
part of two inches, is obtained by dividing two inches by five ; or f in. ex- 
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piesies the result of the diviiion of 2 inches by 5. The same may be 
shewn of any other quantities. 

From what has preceded it is evident, &at the mumerkal part of a frac- 
tion, as f (read two-fifths, or 2 upon 5), must be considered as the ciqxh 
nent of ^o operations^ viz.^-multiplication and division, the upper number 
being the multiplier, the lower the divisor. For § inch is obtained by muU 
tiplying 1 inch by 2, and dividing the product by 5, or vice versa« This 
is the only meanfaig which can be attached to the fractional notation, ab- 
stracted from any concrete unit. We cannot speak of f as ^ number in the 
sense, in which we speak of 2 and 5 as numbers. For abstract number^ 
being words or signs, used to convey an idea of kow many articles 
there are in a collection, without any reference to tho nature of the articles, 
and the word one, or sign 1, being used to denote the nuqiber, when an 
article stands by itself and two, three, four, &c. denoting successive degrees 
of number difiering by one, we cannot conceive of any abstrad i^umbers 
other than these. 

For if there be a collection at all, we cannot conceive of their bdng 
fewer than one article in it; and if there be more than one, there must be 
either two, or three, or more, since the least difference that we can make in 
a number of articles by addition or subtraction is one. Therefore all 
abstract numbers being denoted by the figures 1, 2, 8, &c. and such a 
sjrmbol as f being unknown in this notation, f and all similar ezpressions 
cannot be abstract numbers. Nor can they be eancreie numbers, .then 
being no concrete unit mentioned. But it has been shewn, that they may 
be considered as combinations of two abstract numbers, the upper being a 
multiplier, the under a divisor. 

Hence also f will denote the part or parts which 2 units are of 5 units; 
for in order to form the 8 units, we must evidently divide the 5 units into 
5 equal parts, and repeat one of them twice ; i.e. we have to divide by 5 
and multiply by 2, which operations are represented by the symbol f. 

Again if we extend the meaning of the expression *^ a time" to signify 
not only such a repetition of the unit as takes place in Multiplication, but 
also such a repetition of the subdivision qf the unit, as occurs in forming a 
part of the unit^ then the symbol f may denote the " number of times " 
that 5 units are contained in 2 units. 

Using the expression " a time" in the above sense, the fractional notation 
may be used to express the quotient of one abstract number by another. 

To recapitulate the results arrived at in this Prop. : — 

1. The fractional notation is necessary in order to represent numerically 
quantities, which are not expressible, as an exact number of any standard 
units, but which are equivalent to some number of equal parts of imits. 

2. The number under the line denotes the number of parts into which 
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the aait is divided ; that above the liae^hews how many of these parts thbre 
aie in the given qiumtity* 
8. The expression finch means 2-&fths of 1 inch, or 1-fifth of 2 indies. 

4. It also denotes the qnotient of 2 inches divided by 5. 

5. The expression f is the symbol of the multiplication by 2, iOid divi- 
sion by 5. * 

6. It also denotes the part (or fraction) which 2 is of 5. 

7. Or the '* number of times " which 5 units are contained in 2 units. 

8. Or the quotient of 2 divided by 5. 

Cor, Hence is apparent the method of convertmg an improper fraction 
into a mixed number. For since such an expression as ^ represents the 
quotient of 23 divided by 8, let this division be performed as far as possible, 
from which we obtain the integral quotient 2, with a remainder 7, which has 
still to be divided by 8 ; but this division not being capable of being actually 
performed, must be denoted by the fraction j^ Hence the whole quotient 
is 3 -)-{, written 2i: ot\^ s 2}. 

Prop. 27. — The numerator and denominator of a fraction 
fMty he both multiplied or divided hy any the same num^ 
beTi without altering its v<ilue% 

Take a line A B, divide it into 3 equal parts, and each third part into 

I .. > . Lhp. — -1— ^ — I .. J-. .-.»^-V.— .1 -— 1--. i-„ -I -...I... t I 

A c B 

4 equal parts; then the whole A B will be divided into 12 equal parts. And 
it appears that A C, which is equal to § of A B, contains 8 of the twelfth 
parts of A B ; or f of A B = 1^2 of A B : t. e, the multiplication of nume- 
rator and denominator by 4 has not altered the value of the fraction. The 
same may be shewn of any fxaction, and any multiplier. Also since r| of 
A B = I of A B, the division of numerator and denominator by 4 has not 
altered the fraction. The same may be shewn in every case. 
The same Prop, otherwise:-^ 

8 

•*-- of an nait = 8 units ^ 12 = (8 units ^J- 4) -f 3 (Prop. U) 

12 

2 
= 2 utaits -A. 3 s: -^ of an unit 

3 
Or exhibited algeb)raically i— 

ay. c 

■ " ■■ • ■ "" units St (a X c)Titiit8 .4- (* X c) 

h X c 

= |(oXc) units -f-c]- -f.6 

a\ 

= a units -7- 6 ^ — units, 

6 
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Car, 1. Hence the cdirectness of the Rule for reducing fractions to their 
lowest terms is evident. For numerator and denominator may be divided 
by any the same number without altering the value of the fraction, and 
therefore by their G.C.M., or by their common fiictors in succession. 

Cor. 2. Hence also the Rule for conversion of an integer into an im- 
proper fraction. For every integer may be expressed in the fractional 
notation with denominator ] ; thus 8 = f » because this expresses a quantity 
composed by 3 of such parts, of which 1 forms the unit, t.e. 3 units. 

3 3X5 16 
Hence 3 = — = »— = — &c. &c. 

1 1X6 6 

Prop. 28. — To prove the Rule for reducing fractions to 

their L.CD, 

Since the terms of a fraction may be both multiplied by the same num- 
ber without altering its value, therefore if multipliers can be found, which 
shall convert all the denominators of several fractions into the same 
number, and we multiply the terms of each fraction by the proper multi- 
plier, we shall have converted all the fractions into others of equivalent 
value, but having the same denominator. Now it is evident that the mul- 
tipliers in question cannot be found, unless the common denominator be a 
number capable of exact division by each of the denominators, t.e. unless 
the CD. be a multiple of all the denominators. Hence it follows that the 
least possible common denominator to which several fractions can be re- 
duced is the L.C.M. of all the denominators. And the multipliers, which 
shall convert each denominator into the L.C.D. are the quotients of the 
L.C.D. by each. 

Prop, 29 — To explain the Rule for Addition of frao- 

tions. 

It is an axiom that it is impossible to add together concrete numbers of 
different denominations, i.e. to express their sum by a concrete number of 
either denomination equal to the sum of the abstract numbers. Thus it 
would be absurd to say that £2 and 2«. added together are equal to £4 or 4i«. 

Now the denominator of a fraction denotes the kind of sub-unit, (or part 
of unit,) of which the numerator denotes the number : therefore fractions 
with different denominators are of different denominations; therefore it is 
impossible to add them, as they are. They must therefore be expressed as 
fractions with the same denominator, and then their isum may be obtained 
by adding the numerators, and retaining the same common denominator 
which only shews the denomination : for just as we say £4 -(- iS2 = ^6 ; 
so i^ + A or 4-twelflh8 -f 2-twelfth8 = e-twelflhs = ft. 
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If any of the fractiona be mixed numbers, we may separate them into 
their parts of integers and fractions, add each separately, and then add the 
sums. 

Cor» Hence the correctness of the Rule for conversion of a mixed num- 
ber into an improper fraction is evident For the mixed number is the sum 
of an integer, and a fraction, indicated but not performed ; but if the integer 
be expressed in the same denomination as the fraction, the addition may be 
actually performed. Therefore the integer is expressed as a fraction with 
the denominator of the given fraction by multiplying it by the denominator, 
and the addition is performed in the ordinary way. 

7 3X8 7 8X8+7 31 
Thus 3— = h — = = — . 

8 8 8 8 8 

Prop, 30. — To explain the Rule for Subtraction offyactions. 

As it is impossible to add numbers of different denominations, so is it 
impossible to subtract them ; therefore fractions must be expressed with the 
same denominator, before they can be subtracted. This being done, the 
difference may be obtained by subtracting the numerator of the subtrahend 
from that of diminuend. This is evident, if we bear in mind that the de- 
nominator of a fraction shews the denomination of the numerator. Thus 
f — f , or 5- sevenths — S-sevenths = 2-sevenths= f . 

If the diminuend be a mixed number, or both diminuend and subtrahend, 
then we may subtract in any parts we please (Prop. 5), Let then the frac- 
tions be reduced to their L.C.D., and let the fraction of the subtrahend be 
subtracted first, which may be done by subtracting it from the fraction of 
the diminuend ; but if the fractional subtrahend be less than the fractional 
diminuend, this is not possible; therefore increase the numerator of the 
diminuend by the CD. and the integer of the subtrahend by I, (thus in- 
creasing both numbers by 1, which does not alter the difference,) and sub- 
tract Having subtracted the fraction, the integer may now be subtracted 
from that of the diminuend. 

Prop, 31. — To prove the Rule for Multiplication of a 

fraction by an integer. 

Multiplication being only a short method of addition, may be performed 
on the same principle. Therefore as in Addition of Fractions with a CD. 
the numerators are added for the numerator of the sum, and tlie denomi- 
nator left the same, so in forming the product of a fraction by an integer, 
or in forming the sum of a fraction repeated as often as there are units in 
an integer, we must find the sum of the numerator repeated the same 
number of times, ue, find the product of the numerator and integer, for the 
numerator of the product, and leave the denominator untouched. 

O 
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2 8 2 2 2^ 4X2 8 ^ 

Thus — £. X 4 = — £. 4- — £. + —£. + —£.= ^£. = — i. 

Hence also the repetition of the operations denoted bylfourtixCMlk 
equiyaleht to the fleifottnancie of those indicated by | ; or f X 4 ^ f . 

If the t^ffl^ 6f ihb ntitiderator and denominator have any oomihbn ineife- 
sitre, thtey ttfay bb diddfed by it (Prop. 27.) 

Prop, ^2:-^ To pra^e the Rule for division of & franUon 

by an integer* 

As in division of a concrete cfOiEintity, the nttrabdr of ^e vmls is divided 
by the divisor, so in division Of a friustion, odntddered as a concrete quantity, 
the number of the units being denoted by the numerator, and their kind by 
the denominator, we must divide the numerator by tiie divisor. Thus 
}^ -f- 4 is equal to ^ ; for the fourth part of 12 seventeenths is evidently 
3 seventeenths, just on the satne'prihdplb asih6 fbulKfa jrart of 12 ahilKngs 
Is 3 shillings. 

But if ^e num^totbe uot^iabfly^diViffible 1^ th6 diViftd^, €lfe ^Hdfil^ 
maV hb ohtaiiled by intdtxplying tiie denolmiitttor by thfe divisdlr. 

For unite = 5 units -^(7X2)= -J — units > -^ 2. 

7X2 \*t j 

Or exhibited algebMoally :»^ 

a * ( " ^ 

units = a units -J- (by,c)z:z(a units -s- b) -s-'c == -{ — units > — c. 

IXC \h i 

If the ffs:btibn be cdndd^red ia aUtrabt, thfen i9t Keek the sytoboldf 

some operations, which, repeated h'burblber 'of timeb eqUal to the diviso)', 

sliallproduce the same iresult as those indicated hy (he fractional dividend. 

"Now sinde the operation's indicated by \^ Mre ^uittdient to tfate i«petiti6li df 

those indicated by JV ^ova tfme8,'therefore^ -*- 4 == ft. 

5 6 6 5 

Simly. einoe -^^ X'2c= -m., theMfe]^ 4— -j-^te: — r. 
7X2 7 7 7X2 

Prop* 33. — To prove the Rule, for finding the value of a 

compound fraction. 

Let the fraction be § of f . In order to ascertain what is the meaning, 
and equivalence of this expression, we consider that f is the symbol of two 
operations, to be performed upon the quantity with which it is joined 
(Prop. 26.) Thus if it be required to find the value of f£ or § of £1, the 
result would be obtained by dividing £1 by 3 and multiplying tlie quotient 
by 2, or vice versll. So if it be required to find the value of f of ^£, the 
result will be obtained by dividing f £ by 3 and multiplying the quotient by 
2, and will therefore be ^-^ £ or-^ £. Hence it appears that the re- 
sult of the successive operations upon the unit £1 (or anything else), of 
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lakiog tot t tf ^ Wid th«a } of t^is f , is ths uwe tu( tji^resnlt 9^ taking 
1^ of it; tbiit ia I of t apd D repr^siM^li oqi^vulent opeiatipqjB, and art 

2 5 2X5 10 

Or, — of — = = — . 

a 7 a X 7 21 

Similarly it may also be ajbewn that the value of snch expressions as 
i of i of f of &c. however many iimctions there may be, ia obtained by 
multiplying the numerators for a new numerator, and the denominators 
for a new denominatof. {''or the last two fiaotions may be reduced to one, 
as above, then this ai^d the next, and so 9a. 

Prop. 34. — To explfiin the ixieam'ny of the Multiplication 

hy a fractionf t^ ^ de^e n Rule for finding the 

product. 
The operation qf M^ltiplicatiou if 1|iat bj which is found the result of 
tl\6 fepetitiop of a i^wu^r or ^ quaQtit;, f« often as there are units in the 
m,i^tip.lier^ HeQc« i^ ia p]i^ t^a^ the multiplier must be an abstract 
nx^mhex^ apd th^ pdult^Ucand either abstract or ponprete. But the mean- 
iDg| of the. reaul^ ^ apmewha,t f|iff<^^^t W ^^^e two cases: for in the 
fpmier ^e. rmnUx ia 9S{ abstract, ni^pher, and as an abstract number is the 
^^|)ol of ^ qperatioQ, vis. that of ro^tition, the m^o^g pf thp result is 
tiu^ ti(ie. operatioi^ ifepfespntpd by |t \fi p(^uivalent tp thp r^etition of the 
operation denoted by the multiplicand as often as there are unit^ in the 
]^l4tiipliar, |n tt^^ ca^ pf the muhipUpaqd beiqg concrete the meanipg of 
tjbe Tes\|lt is„ th^l; thf <}\Witi^ i^hiph ft rpp^^qpats in e^^al to as many 
qil^tlties, fqu^l ^ tl^p iQulti|>lipa^d» 9^ t))eT? ura units in the multiplier. 
Y^e l^^yp ppw ^o 9pe whetji^er ti^^s^ idemi pf paultiplici^tiop wi)l hold good, 
w^pA tbe multiplier ia (t fractioD. I^qnf i^ is plaiuji t^t ii^ (be stpct sense 
qf t^p expresaions. "a^ oftpw/' **§S piai^y tiqaps," "a§ vaw^" V© Pannot 
speak of repeating an eperatioq '^aa often," pr taking "a9 pii^ny" quanr 
tities, aa tjhere are lu^ta in a ftaptipq. Bi^t if we adppt the extpn^^ notion 
of ^* ^ tip^e,'' viz, t})^t ;( niay ^pean ^uch a rpppt^tiop of ^ s^hdmshn of a 
qiumtityi as takps plape in fonii^ng a part ^f it, then the fpn^ia^ a put of 
a quantity may be called multiplication by that which expresses ^p part, 
▼i^, ^p fraction, T^ia operatiop (of fivming a put) iq s^ptly one of 
ipoltiplipi^tion fin4 diviaipii cpi^bl^eci, bnt eififsry. multiplic^tipn mig)^t be 
performed |>y t)ie$p cpfnbiupd operatiops (a^ for iDstanpp tp multiply by 
lire tqigl^t n^i^tiply by 10 apd divide by 2)| t]iat i^ by a^ch an operation as 
that which ha^ been palled "naultiplicatioq by a fraction;" sp that the 
atlipt sppse of p^ultiplieation includes the spp«e pf i^i^lt^plicatiqp by a 
Qr^etion, Tfiz, the repetition of a part of a quantity so ai to fprm a " mulr 
tiplp-partr'* Therefore in i^ssigping this meaning to the term " multipli- 
catiopt" ve iptiro4uce no idea conirory to the general one, and shall not by 
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80 doing be led into any abeurdxty or contradiction. We are then at liberty 
to call the operation of taking a part of a quantity ^* multiplication by a 
fraction," and to express it by the same sign, and we may interpret the 
meaning of a product of a quantity by a fraction to be the fractional part 
of the quantity, which is expressed by the multiplier. 

2 4 4 2 4X2 

HenceX — X — = — of— £ = £. 

6 7 7 5 7X5 

2 4 8 4X2 3 8 4X2 

Simly. £ — X — X — =JE X — = — of £ 

6 7 11 7X6 11 11 7X5 

3X4X2 8X4 2 

= £ = of— £. 

J1X7X6 11X7 6 



2 f8X4) 2 fS 41 

= £-X-^ V=£-X^-of-l 

5 UlX7J 5 111 7) 



In a similar manner it may be shewn that the result of the multiplica- 
tion of a quantity by seyeral fractions in succession is the same as the 
result of multiplication by one fraction, which is compounded of them all. 

Hitherto it has been supposed that the multiplicand is concrete, but if 
it be abstract, and therefore represent one or two operations, according as 
it is a whole number or a fraction, what meaning are we to assign to its 
" multiplication by a fraction ?" and what is to be the interpretation of the 
product ? 

It is plain that we cannot conceiye any idea of taking a fractional part of 
an operation ; therefore the meaning of the product cannot be the same 
as in the former case. To determine the meaning, which is to be assigned, 
let us revert to the idea which we have conceived of the product of two 
abstract numbers. This is, that it represents an operation which is equi- 
valent to the repetition of that indicated by the multiplicand, as often as 
there are units in the multiplier. But this repetition is also equivalent to 
the successive operations indicated by the multiplicand and the multiplier. 
For multiplication by two numbers in succession is equivalent to the 
repetition of the multiplication by one of them, as often as there are units 
in another. 

Therefore the operation indicated by the product of two abstract num- 
bers is equivalent to the successive operations indicated by the two. This 
view of the term product evidently is applicable to the case of fractions, as 
well as of whole numbers, since every abstract number represents an 
operation, and may represent two, as every fraction does ; therefore we may 
with equal justice talk of the product 6f the one kind of number, as of the 
other. Adopting then this view of the case, we shall see that the product 
of an abstract number, fractional or not, by a fraction, is the indication of 
the operation denoted by the fraction of the number. For the successive 
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^u|t^)]patiqii l^ two fnctipDS has beeii ^ewn ip the preyiov^ part of tb|8 
Prop, to be equiyalea^ to multiplication by the fraction popnpounded of 
them ; ^erj^for^ the operation iBdicate4 by the product .of twQ fractions is 
t^e sione m is indicate4 by th^ fractipn comp/cxupded of &fim. In ptl^er 
words the product of two JEractions is equal to the fractioi^ of i^ fraption. 

Hence, generally it appears tbat the Rule for multiplication by fractions 
is the same as that for finding the fraction of the multiplicandi or, if this 
^ fri^Qod, the same #8 for finding thfi fraction of a fraction. 

Prop> S^.-^To explain the meaning of Division by a frac^ 
|fton» and t^ deduce a Hule for forming (kg qi^oUe^U 

Division is the operation by which (according to our first notion of it) 
is found some number or quantity, which repeated a given number of 
times, equal to the divisor, becomes equal to a given number or quantity, 
the dividend. But since die number of units in the quantity sought is the 
same as the number of times the abstract units in the dividend contain 
those in the divisor, therefore the operation of division is defined to be that, 
by which is ascertidned how often one number is contained in another. 
In order to explain the meaning of Division by a fraction, it will be neces- 
sary to consider both these notions of the operation. 

Now every integer is expressible in the form of a fraction, and every 
midtiplication hy an integer might be performed by the repetition of equal 
parts of the multiplicand, therefore division by an integer might be ex- 
pressed, as division by a fraction, and tiie quantity sought in the division 
would be defined to he such, that the parts of it denoted by the divisor 
would be equal to the dividend. It appears then that if division by a 
fraction be defined to be the operation by which is found the number or 
quantity, of which the part or parts denoted by the divisor are equal to the 
dividend, no new idea of division is introduced, but one, which is included 
in the idea of division by an integer. Sudi then is defined to be the ope- 
ration of division by a fraction, according to the first notion of division. 

If it be considered that the object of division is to find how often the 
absteact units in the dividend contain those in .j&e divisor, we need no 
extension of ideas to explain 1^.e case of divi^io^ by a fraction. Fox, by 
the number of times which one abstract number contains another is meant 
the number of times which the operation represented by the one must be 
repeated in order to produce the eieotof that represented by the other; 
and this number of times is the aymbol of 4he operations of multiplication 
and division which must be performed upon the -result of the one to pro- 
duce that of the other, so that the object of division might be defined to 
be the discovering what operations of multiplication and division must 
be performed upon the result of the operation denoted by the divisor 

o2 
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in order to produce the result of that denoted by the dividend. Then it 
nothing in this definition to exclade a fraction as a diTisor. 

We have now to deduce a Rule for the formation of the quotient. 

1st Let the dividend be concrete, and represented by the straight line A B ; 
let the divisor be } or f . 

I I I t I I I t I 

A D B C 

Then we seek a linci of which | or f shall be equal to A B. Divide A B 
into three equal parts, then each of these parts is in the one case i of the 
line sought, and in the other is I of the same. Therefore the line sought 
is equal to 8 or 2 of these parts ; but each of these parts is equal to } A B, 
therefore quotient is equal to | A B or } A B. Hence to divide a concrete 
quantity by a fraction, we must invert the divisor and multiply by it the 
dividend. 

2nd. Let the dividend be abstract, then we seek the symbol of some 
operation, such that by performing upon its result the operation denoted by 
the divisor, a result will be obtained equal to that from performing the 
operation indicated by the dividend. Now since f of }f of an unit = f of 
an unit, therefore || is the symbol of the operations, upon whose result, if 
the operations denoted by f be performed, the same result is obtained as by 
performing the operations denoted by ^ ; hence ff is the quotient of | -f- f ; 
but if = t X i t therefore the rule for obtaining the quotient is the same 
as before, " invert the divisor and multiply by it the dividend.*' 

3rd. Let it be required to find how qften a fraction is contained in a 
given abstract number ; i.e. to find what operation must be performed upon 
the result of the operations denoted by the divisor to produce the same 
result as the operations denoted by the dividend. Here, since |f of f of 
an unit = f of an unit, therefore we must perform the operations denoted 
by f I upon the result of those denoted by f in order to produce the result 
of those denoted by f ; hence || denotes the *' number of times" that | 
contains f ; and is obtained from these two fractions as before. 

Prop, 36. — To explain the meaning of a complex fraction^ 
and to deduce a Rule for its reduction to a simple 
fraction. 

A complex fraction is one in which the numerator and denominator are, 
one or both, fractions or fractional expressions. If they are fractional 
expressions, these may be reduced to simple fractions, therefore it will be 
necessary only to consider the case of their being simple fractions. 

Whatever meaning may be assigned to this class of fractions must be 
applicable to all cases of them : now every ordinary fraction may be ex- 
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pressed as a complex fraction^ as for instance } may be put into the form 
f 
£0 ; hence whatever may be the interpretation assigned to sach a fraction^ 

as this, must be also assigned to every other fraction of the class, of which 

this is only a particular case. Now | inch denotes a quantity composed of 

parts, of which 3 compose an inch, 2 of these parts being contained in the 

quantity, i.e. in other words, it denotes a quantity composed of parts, of 

which ^ compose an inch, f of these parts being contained in the quantity. 

Hence we must interpret the meaning of such an expression as ^ inch to 
be, that it denotes a quantity composed of parts of which 5f compose an 
inch, 1} of these parts being contained in the quantity. 

Again f inch denotes a quantity such that, if the operation denoted by 
the denominator, viz. multiplication by 3 be performed upon it, it will 
become equa] to the numerator ; in other words, it denotes a quantity such 
that, if the operations denoted by V (which are equivalent to multiplication 
by 8) be performed upon it, it will become equal to the numerator. Henoe 
we may interpret the meaning of the above-mentioned complex fraction to 
be, that it denotes a quantity such that, if 5f of it be taken, l| inch will 
be formed. Now the operation by which such a quantity is found is that 
which has been defined to be division by the fractional denominator; so 
that such a fraction may be used to represent the quotient of any quantity 
by a fraction. 

Again : an abstract fraction as } is to be regarded as the symbol of divi- 
sion by 3 and of multiplication by 2 ; so also an abstract complex fraction 
must be regarded as the symbol of division of the unit by the denominator, 
and of multiplication by the numerator. Hence also it will denote the 
part, which the concrete units in the nnmerator are of those in the denomi- 
nator ; for evidently in order to form the quantity 1} inch from the quan- 
tity 5f inch, we must divide the latter by 5f and multiply it by 1}, i^, we 

must perform the operations denoted by the symbol "vf" 
Lastly : since 1| inch — r it of 5^ inch, therefore it follows that 1} and 

^Lof 5f represent the same operation, therefore«JL represents the opera- 
tions which have to be performed upon the result of the operations denoted 
by 5f, in order to produce the effect of performing those denoted by 1}, t. e. 
it represents the quotient of the abstract fraction 1| by 5f. 

Henoe it appears that in all respects a complex fraction admits of the 
same interpretation as an ordinary fraction. We have now to deduce a 
Rule for the reduction of a complex to a simple fraction. Let the fraction 
already used serve as an example. According to the first explanation of 
the meaning of the fraction, we have to find a quantity of which Sf com- 
pose an unit. This is effected by the previous proposition by inverting the 
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^fiao?, wi moltlpljiiig bj U ao uiTeztad; dioing t^iB w# fiii4 t^o qn^mity 
to b9 A of an anit; therefore the Talue of the fraction is If X /i» 9f ab 
ujiit or 1| -f- df of an unit This is the same res^dt as we should o]4ain 
by nsing any of the other explanations giTen. Therefore in general tp 
reduce a complex firaction» divide the nnmerator by the denominator. 

If the numerator and denominator be composed hj the sum or difference 
of several fractions, it manifestly will not affect the result to bring them aU 
to a CD* And if this be done, the denominator will vanish in the divi- 
rion, and may therefore be omitted altogefher. Henee the Rule 2 page 24 
hi<he*«Practiee.'' 

Prop* d7.«^7o ewplain the tysiem of notoHM of ieeimal 

fraotioM* 

In Hie ordinary system of notation, themnmber represented by a figure 
16 always one-tenth of that which it would represent if it occupied the 
place of the figure on its left. Thus in the number i 1111, the 1 on the left 
denotes 10000 ; that next 1000, l!ie next 100, the next 10, the last 1. Now 
if we plaee a point after this last 1 to shew tliat it is in the units' place, 
and then wilite a «erie8 of Ts after it, the first of them should on the same 
principle represent one-tendi, the second one-hundreddi, the third one- 
thousandth, and so on, so that the first, second, third, &c. places to the 
right of the unit's place may be called the tenths', the hundredths', the 
thousandlAis', &c. places. Kow every fraction with 10 or some power of 
10 for its denominator may be resolved into the sum of a series of frac- 
tions liaving inferior powers of 10 for their denominators, every numerator 
bdng less than 10, i.e. may be resolved into the sum of a number of 
tenths, liundredths, &c. less than 10, and may Aerefore be denoted by 
writing the numerators in succession, supplying ciphers where any deno- 
mination of fraction is wanting, in order -to keep the other figures in their 
proper places. 

574 300 70 4 3 7 4 

Thus = 1- 1- =— + + = .374 

1000 1000 1000 1000 10 100 1090 

24706 24000 700 6 7 6 
^.— ;;=—.- 4. .,,^4. .^^=^244^+-^-^ ;=24.706 
1000 1000 1000 1000 10 1000 

24 20 4 2 4 

-1- sr + = .0024 



m&fi 10000 10000 >ooo loooe 

Hence it appears that in order to denote a fraction with any power of 10 
as its denominator decimally^ we must mark off by a point as many 
figures from the right of the numerator as there are dphers in the deno- 
minator; and if there are not a sufficient number of figures we must 
supply ciphers on the left. 
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Conyenely the sum of any number of fractions with different powers of 
10 for their denominators, (the numerators being less than 10) may be ex- 
pressed as one fraction with the highest power of 10 as its denpminator, and 
for the numerator the number composed of the several numerators written 

together as one number. 

3 7 4 300 70 4 874 

Thus .374 = — + 1- = + 1- = 

10 100 1000 1000 1000 1000 1000 

2 4 20 4 24 

.0024 = h = ^ = . 

1000 10000 10000 10000 10000 

Hence it appears that in order to write a decimal as a vulgar fraction, we 
mnst take for the numerator the figures of the decimal as they stand, and 
for denominator 1 followed by as many ciphers as there are figures after the 
point. 

Car, h Hence it appears that a cipher placed on the right of the figures 
of a decimal does not alter its value, since it may be regarded either as the 
addition of 0, or as the multiplication of numerator and denominator of the 
equivalent vulgar fraction by 10. But if we place a cipher inmiediately 
after the decimal point, it has the effect of division by 10; for by so doing 
we change all tenths into hundredths, all hundredths into thousandths, and 
80 on; or we multiply by 10 the denominator of the equivalent vulgar frac- 
tion, i.e. we divide the whole by 10. 

Cor. 2. Hence decimals may be expressed with the same denominator by 
equalising the number of decimal places in them, by adding ciphers on the 
right 

Prop. 38. — To explain the Rules for Addition and Sub^ 

traction of decimals. 

Decimals may be expressed with the same denominator by equalising 
the number of decimal places, ciphers being added on the right of those 
which require them (Cor. 2 Prop. 37). Being so expressed, the numerator 
of their sum or difference is obtained as in vulgar fractions by adding or 
subtracting the numerators of the fractions; the denominator of course 
remains the same ; and the result is expressed as a decimal by marking 
off the required number of figures for decimals. In practice the ciphers 
are omitted in writing, but retained in significance by placing all the deci- 
mal points under one another, the ciphers being supplied mentally Ib 
forming the sum or difference of the numerators; as in the following 
example :— 

Add together 5.2467, 98.805, 1.05. 

Full method 5.2467 Working method 5.2467 

08.3050 98.305 

1.0500 1.05 



Sum 104.6017 Sum 104.6017 
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Prop^ SS^'^T'ft prove the Rule for Multiplicaiion of (^ 

Decimal hf any. piower ijf l(k 

Suppose the decimal to be expressed as a vulgar fraction, then eveiy 
multipUcation t(7 10 trill take, ikway a cipher from the denominator, iLe. 
will bav» tiie eSeet of removing thft deoimal point one pl^p^ to tli% light 
If all the ciphers in the denominator riiould be exhausted, before the 
multiplication is complete, then evidently the prppess must. Viet completed 
by adding ciphers to the numerator (Prop. 10;). Heoie^ the Rule : remove 
t)w decimal a» many placfi^tothexi^^t^tl^ei^^rQait^h^OKiA^^ WSi^' 

Prop. 40. — 2(0 prove the Rule for Division of a Decif^^ 

hff mtiy pmif€P of 10. 

Suppose the decimal expressed v a vulgar fraction, then eyet^ divi^op 
by 10 will increase the ciphers in the denominator by onci, i.e, will have the 
effect of removing the decimal poii^t one place to the left. If there ahotdd 
not be VDJ figures to the left of the^ point, then (Cor. 1 Prop^ 87} ciphers 
must be supplied* HencQ the Rule : remove t^e decimal point as manir 
places to the left as there are ciphers in the deuomipator,i s^pul^n^ ciphers 
if peoessary. 

Prop 4h — To prove the Rule for Multiplication of Dedififfy^ 

Suppose the decimals expressed as vulgar fractions, then their product 
will be obtained by multiplying all the numerators together for the nume- 
mtor of the produet, and all the denominators £» the deneminatov of the 
product. But if different powers of 10 be multiplied together, these will 
he as many eiphen in the produet as there are in all together \ henoe the 
denominator of the product will be 1 fiillowed by as many eiphers as there 
are in all the denominatora» ie, the product ezpreseed as a deoimiil will haw 
at many decimal placee aa there arp in all the decimals mtiltij^ied. 

The same Prop, exhibited algebraically: — Let — ^ and represent 

• IOp 10< 

the ?v]9ir fractions equivalent tQ \^<^ defomala cont^lniog reQifptivfly 

p »nd 9 decjml pl^oesi then 

P O ^ PXO _ PXO 

IOp lOq lOPXlO*! "^ lOP+9 
Or the product of the two decimals may be found by multiplying the 
numbers together as whole numbers, and marking off p — q figures as deci- 
mals in the product 
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Prop. 4^.'^To prove the Rnh fot DiiHsion of Deeimads. 



die«dditi4m of ^ipbcis to tbe right of a decimal dots ndt afibet iti 
vakne, let (if neocBiny) dpditts be added to ihe fight of the dividend till 
ithe deoiimd ptaoes iait tote greater in namber then thoee in the divieor. 
'Stippoee ndw 4hkt the deeittials ai« exprensed m vulgar fraetione, then tbe 
iqiaotient roa;^ be ofbtsiAd liy diidding die .moneitatDr df die dividend Iqr 
<dHit'of the divisor ligr the numerator, and tin denominator of the divideofl 
^(that of the dmeor Ydkr the denominatov. But tf one power of 10 he 
^dividedby anotlm, die quotieut^will eontahi a number «f ciphers equal lb 
die dIfiiMeBoe of those in the two powers. Hence die dsnomuntor of tlm 
iqnotieiit wiH be I foUowed by as many eipfaeka ^aa «re equal hi iramberto 
die difitoenoe between thoee in the dividend and ^divisor, t<e. tbe qnotieift 
cgqfveitod as a deelmal will contam a immber of dedmal places equal te 
diecoBceae^dMee an die dividend over dioee iu ^Ihe divisoi. And from 
•bove it appears that the figures of the quotioM; tte otelned by dividiag 
die divideud by the dmsor^'as iidiole Bfumbeie. 

The same Prop, exhibited algebraically : — Let •— ^ -^^ represent the 

vulgar firactions equivalent to two decimale, containing yeq^eetivelyp4md q 
deeimal places ; suppose p to he greater than q, then 
P O P lOq F-J-Q 

3MJP "^ le? ~ 16P a " 10p-*i* 
vC^ dfe^ttt<^tient ia obtained V dividing the dividend by the divisctras whole 
mil1ttb<»l«, )Brid iBiairki&g off from the result a number of <figare8 tis decimais 
^«^]!a] to tbeesceett of thode In tbe dividend over'tbose in the divisor. 

> JVbfo. It h asstttned fn this Prop, that the ntmibelr'off decimal places in 
«di^ ^vid^nd k greater than In the divisor, because, if this be not the case 
et%inally, it may be made so. 

C&r, Hence is appdi^ilt the method of edntertlngti vulgatr fiaction into 
« decimal ; for the nvtaierator tnay be expressed as 'a decimal by adding 
ciphers after the decimal "^poiiit, and then the division by the denominator 
may be performed bythe above rule. 

Prop, 43. — To shew under what circumstances a vulgar 

fraction is convertible into a finite decimal; and that^ in 

all cases, where the decimal is rnfmitCt the figures recur 

in a certain order ; and to find the extent of the re- 

curring period. 
Let the fraction be -expressed in its lowest terms, so that there be no 
factor common to both numerator and denominator. The process, by 
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which it will be conTerted into a decimal, is the multiplication of the nu- 
merator by some power of 10, the division of the product by the original 
denominator, and the pointing off as decimals as many figures in the 
quotient, as ciphers have been added to the numerator. Now in order 
that the decimal may be finite, the multiplied numerator must be divisible 
by the original denominator ; therefore the Actors of this denominator 
must be factors of the numerator; but the only factors of the numerator 
are those of the original numerator, (and by hypoth. none of these 
are common to the denominator,) and 2's and 6\ which are the only 
•factors of powers of 10. Hence the factors of the denominator must be 
only 2's and 5's in order that the decimal may be finite. And moreover, 
there must be in the numerator as many 2's and 5's as in the denominator; 
hence since 2's and 5*s enter in equal numbers into any power of 10, the 
power of 10, by which the numerator must be multiplied, is the highest 
power, whether of 2's or 5's in the denominator ; so that^if a vulgar fraction 
be convertible into a finite decimal, there will be a number of decimal 
figures equal to the number of 2's or 5*s in the denominator, whichever is 
the greater. 

In all cases in which the denominator of a fraction in its lowest terms has 
any other divisors than 2's and 5'8, since its factors cannot, by multiplica- 
tion by any power of 10, be made to enter into the numerator, it cannot be 
converted into a finite decimal. In these cases, it will appear that the 
figures recur in a fixed order, and that the extent of a recurring period is 
always less than the denominator. For in dividing the decimals by the 
denominator, every remainder must be less than the divisor, therefore at 
the most there can only occur a number of different remainders less hy one 
than the denominator, and consequently within a number of divisions equal 
to the denominator some remainder must necessarily occur, which has 
occurred before ; therefore, in the next division, there will be the same 
dividend as has occurred before, therefore the same quotient, therefore the 
same remainder, and so on ; so that it is evident that the decimal fignree 
will recur in the same order as before, and the greatest number of figures in 
a recurring period is less by one than the denominator. 

The same Prop, exhibited algebraically . — Let -^ be the fraction in its 

b 

lowest terms ; then -^ = ^^ ,- • Now in order that -i-^ may be con- 

6 6 X lOP f> 

vertible into a finite decimal, a X IOp must be divisible by b ; hence the 
factors of h must be &ctors of a X IOp ; but none of the &ctors of h are 
among those of a, therefore if they are factors of a X IOp they must be 
among those of IOp ; now the only factors of IOp are 2's and 5's, therefore 
the factors of b also must be only 2's and 6's. Let then 6 = 2>^ X ^ : then 
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a a X B'^" « X 5' 



ifr >a 



b 2' X 5» 2f X5' 10' 

a X 2«-' a X 2»-' 

or = =: if « ^ r. 

2» X 5» 10« 

a 

that is if be converted into a finite decimal, it will have r or « 

2^X5' 
decimal places, according as r ^ or ^ «. 

If 5 be of any other ibrm than 2' X 5* its factors cannot be among 

tliose of a X IOp, therefore S will not be convertible into a finite decimal. 

In this case it is evident that, in tUviding, every remainder must be less 
than b; therefore at the most there can only be b — 1 different remainders : 
hence within b operations upon the decimal, some remainder must occur, 
which has occurred before; therefore in the next division there will be the 
same dividend, therefore the same quotient, the same remainder, and so 
on ; so that it is evident that the decimal figures will recur in a fixed order, 
and that the greatest possible number of recurring figures will be &— 1. 

Prop, 44. — To prove the Rule for the conversion of a re- 
curring decimal into a vulgar fraction. 

1 . 1 .. 1 . . 
Since— =.1, —=.01, — = .001, 
9 99 999 

and so on, the number of figures in the recurring period being the number 

of nines in the denominator, and since every pure recurring decimal is the 

product of one of these, and the number composed of the recurring 

figures, the rule for conversion of a pure recurring decimal into a vulgar 

fraction is evident 

1 3635 

Thus .8635 = 3635 X 0001 = 3635 X = • 

9999 9999 

If the decimal be a miaed circulator, let it be multiplied by such a 
power of 10, as will bring the non-recurring figures on the left of the 
decimal point; the value of the decimal may now be found, and that of the 
original decimal by dividing by the power of 10, by which it was multiplied. 
Thus suppose it be required to find the vulgar fraction equivalent to .56341 ; 
this multiplied by 100 becomes 56.341, which is equivalent to the vulgar 

341 56X(1000— l) + 34l 56341 — 56 

fraction 66 — or or ■■ ; hence the deci- 

999 999 999 

56341 — 56 

mal .56341 is equivalent to , i.e. to a fraction, whose numerator 

99900 
is the difference between all the figures of the decimal and the non-recurring; 

and whose denominator is composed of a number of nines equal to there- 

P 
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curringflbllowed by a nixmber of ciphen eqnal to the non-recuiring, figures. 
The same may be shewn of every similar decimal. 

The same Prop, exhibited algebraically: — Let .P Q represent a recurring 
decimal, P denoting thep non-recurring figures, Q the g recurring; 

let d? = .P ^ 
.*. lOPjr = P.Q 
10P+q*=PQ. U 

.'. (lop+q — iop)« = p a — p 

PQ-P 

10p(10q — 1) 
Now PQ represent all the figures of the decimal, P the non-recurring ; 
and Kh — 1 will consist of g nines, and the multiplication of this by IOp 
will introduce on the right of these p ciphers. Whence the Rule. 

Prap, 45. — To shew that the ratio of one number or quan'- 
tity to another may he properly represented by the 
fraction, whose numerator is the number of units in the 
former, and denominator the number of the same kind 
of units in th€ latter, quantity. 

Ratio is the relation which one quantity bears to another of the same 
kind, this relation being determined by considering what multiple, part, or 
parts, the one is of the other. Now if the quantities be expressed in 
terms of the same unit, the unit may be expressed as a multiple, part, or 
parts, of the one quantity, and hence the other quantity may be expressed 
as a multiple, part, or parts of this. Thus suppose that it be required to 
determine what multiple, part, or parts, the length 2 feet is of the length 
3 yards, if we express these lengths in terms of the same unit either a 
foot, or a yard, they will be 2 feet and 9 feet; or f yard, and 3 yards: hence 
it appears that the unit 1 foot is ^ of 9 feet or three yards ; and the unit 1 
yard is ^ of 3 yards ; and therefore the length 2 feet is f of 3 yards; or 

the length § yard is § of ^ of 3 yardsf; or § X i of 3 yards, or |< of 3 yards. 



Hence § or |- (which are equivalent) represent the part which 2 feet are of 

3 yards : and the uumerators and denominators of these factors are re- 
spectively the number of units in the two lengths. 

Again, suppose it required to find the ratio of the abstract number 2 to 
the abstract number 9; that is to find ^^howoften"9 is contained in 2. 
The meaning of this is, (Prop. 35,) that we have to find what operation 
must be performed upon the result of that denoted by 9 to produce the 
result of that denoted by 2. Now we know that 2 = 9X1; therefore f is 
the symbol of the operation required, or expresses the ratio of 2 to 9. 
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CSpr. 1. Henoe the ratio of one number or quantity to another may be 
obtained by dividing the number of units in the former by the number of 
iike units in the latter* 

Cor. 2. Hence the terms of a ratio may be simplified by multiplying or 
dividing both by the same number; since we may do this to the terms of 
the equivalent fraction without altering its significance. 

Cor, 3. Hence also two ratios may be compared by comparing the 
equivalent fractions, in order to which they must be reduced to a C. D. and 
as any C. D. will serve the purpose, we may use that which is formed by 
the product of the two : so that the comparison will be made by comparing 
the products of the antecedent of the one by the consequent of the other, 
the antecedents and the consequents of the ratios being the numerators 
and denominators of the fractions. 

Prop. 46. — To shew how to divide a number or quantity 
into parts, whioh shaU hear to each other a given ratio. 

If the number or quantity be divided into equal parts, the number of 
parts being the sum of the numbers composing the ratios, and if collec- 
tSons of these parts be formed, containing numbers eqnal to the several 
numbers in the ratios, it is evident that the parts so formed will be in the 
required ratios. Thus suppose it required to divide 20 into 3 parts in the 
ratio of 4, 6, and 9. Dividing 20 into 18 parts, e«eh is V \ &nd taking 
4, 5, and 9 of these parts, the numbers ^, ^, ^ are fi^rmed, which are in 
the ratio of 4, 6, and 9; for^^^ = ^; and V^ .4- ^ = |^. 

The same Prop, exhibited algebraically :— Let it be required to divide 

the number N into parts in the ratio of a, 6, c : let jr, y, s; be the parts : then 
X a y b X y z 

— in—? — =: — : or — =— = — =:f suppose: hence « = a^; y:z,ht\ 
y b z c a b c N 
z=ict; and a -{• y+ « = N = (a -|- At-J- c)t: whence t = . 

• N« N6 Nc 



* = ; y =z J 2? = 



Prop, 47. — To shew that if four numbers be proportional 

in a given order, the product of the extremes is equal to 

that of the means, and conversely* 

Four numbers are proportionals when the ratio of the first to the second 
is equal to that of the third to the fourth. Hence these ratios must be 
compared, which is effected by comparing the products of the antecedent 
of the one by the consequent of the other. If these products be equal, 
the ratios are equal, and the numbers are proportional. But these pro- 
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ducts axe respectiTely the prodncts of the extremes, and of the means, of 
the four nnmbers. Hence the truth of the Prop. 

The same Prop, exhibited algebraically : — Let a, b, e, d, be four num- 
bers ; if they be proportional in this order, then r- = t or (reducing to a 

0. D.) rw"= rr^ whence a dz=z he\ or the product of the extremes is 

equal to that of the means. Conversely: — ^if four numbers be such that the 
product of one pair is equal to the product of the other pair, they are pro- 
portionals, the numbers in the products being either both extremes, or both 

a e 
means. For ifaX<^ = ^X<^> then, dividing by 6 X ^'t — = — i «^- 

ah b d 

a : b II c : d; OTf dividing by c X rf» — ^ — , i.e. a '. c :: b : d; or 

d b c d 

again, dividing by a X o, — = — , i.e. b : a :i d : e; or again, dividing by 

d c e a 

fl X ^1 — = — » ••^' c I a '.I'd ', b. 
b a 
Cor, 1. Hence, if four numbers are proportional, the second is to the first 

as the fourth to the third. For ifaib:: c : d, aXd=zby,c'i .-. from 
the Prop, b : a :: d : c. 

Cor. 2. Also, in the same case, the first is to the third as the second to the 
fourth. For if a : b :: c : d, a y, d=i 6 X c; and.*, from the Prop. 
a : e i: b : d. 

Cor. 3. Also the third is to the first as the fourth to the second. For by 
Prop, c : a :: d : b. 

Cor. 4. Hence also either mean and extreme may be multiplied or divided 
by the same number without affecting the proportion, for m a X, n d 

=: m d X A <^' 

Prop, 48. — To find a fourth proportional to three given 

numbers. 

Since the product of the second and third of four numbers, which are 

proportionals, is equal to that of the fourth and first, therefore the former 

product divided by the first is equal to the fourth, which is the number 

required. j ^ ^ 

Thus if a, &, c, d, be the four numbers, a X ^ = & X c, .*. </ = 

a 

Prop. 49. — To find a third proportional to two given 

numbers. 

If three numbers are continued proportionals, the first is to the second, as 

the second to the third, therefore the product of the first and third is equal 

to the aquare of the second. Hence the third is obtained by dividing the 

square of the second by the first. Thus if a, 6, e, be the four numbers, 

a : h :'. b : c\ .*. a X <? = i®i and c := 

a 
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Prop, 60. — To find a mean proportional to two gwen 

numbers. 

Since in the caae of three numbers being continued proportionals, the 
product of the extremes is equal to the square of the mean, therefore the 
mean will be obtained by extracting the square root of the product of the 
two gi^en numbers. I'hus if a and c be given, and it be required to find a 
number 6 such that a i b ii b \ c, then 8inceaX<?=6">*'* ^=V^aXc. 

Prop. 51. — To shew thatt if the corresponding terms of aiiy 
number of proportions be multiplied together, they will 
still form a proportion. 

Each proportion may be converted into a fractional equation ; now since, 
if equals be multiplied by equals, the products are equal ; therefore if all 
the fractions on the left hand side of the equations be multiplied together, 
and all those on the right hand side, the products will still be equal. 
Hence the ratio of the product of all the first terms to that of all the 
second terms is equal to the ratio of the product of all the third terms to 
that of all the fourth terms. 

The same Prop, exhibited algebraically : — Let there be any number of 
proportions, a : b :: c : d; e if \i g i h\ k : I :: m ; n, 8ic. then 

a c e g k m 

— = — ; — = — ; — = — &c. Hence 
h d f h I n 

a e k e g m 

— X — X — X&czz — X — X — X&c. 

b / I d h n 

a X « X * X &c. c X g X m X &c. 

or ' =z ■ 

6X/X/X&C rfXAX»X&c. 

.-. aX«X^X&c : JX/X/X&c. :: cXgXmX&c, : rfXAX«X&c. 

Cor. The above process is called Compounding the Proportion ; and 
hence, and from Cor. 4 Prop. 47 it appears that, if any of the means and 
extremes be alike, they may be neglected in compounding ; or if any of 
the means and extremes have any common factors, their other factors may 
be substituted for them. 

Prop, 52. — To shew that, if one quantity vary directly 
as another, corresponding numerical values of the two 
quantities will form a proportion, the first being to the 
second value of the one, as the first to the second value 
of the other, 

p2 
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This follows immediately from the definition of Tuiation ; for if A' a B, 
then if A be changed, B is changed in the same ratio, t.e. if A^, and B^, 
be corresponding values of A and B, the ratio of A to A^ is the same as 
that of B to fii ; or A : A^ : i B : B^ 

Prop. 53. — To shew thaU if one quantitif vary inversely 
as another^ corresponding numerical values of the two 
quantities will form a proportion, the first being to the 
second value of the one, as the second to the first value 
of the other. 

If A oc --T- then if A be changed,-a must be changed in the same 
ratio, i.e. if A^, B"^ be corresponding values of A, B, the ratio of A to A^ 
is the same as that of -g- to u^i or (simplifying this ratio) as that of 
BMoB : — ,or A : A^ :: B^ : B. 

Prop 54. — To explain the Rule for Simple Proportion. 

In questions of Simple Proportion, quantities of two kinds are involved, 
which vary either directly or inversely as each other. Corresponding 
values of these (one of each) are given, and a second value of one of them, 
and it is required to find the corresponding value of the other. Thus if 
A and B denote corresponding numerical values of the quantities, and A^ 
be another value of A, it is required to find the corresponding value 
B^ of B. Now if A a B, then (Prop. 52) A : A^ : : B : B^. But if 

A a -^, then A A^ : : B^ : B, or A^ : A : : B : B^. Hence the 
Rule is evident ; place for the third term of a proportion that quantity 
which is of the same kind with the ansnrer required, and of the two re- 
maining quantities place that, which is connected with the third term, as 
being the corresponding value to it, for the first or second term, according 
as the quantities vary directly or inversely; and place the remaining 
quantity for the other term. The fourth term will now be obtained by 
multiplying the second and third terms together and dividing by the first, 
the first and second terms being expressed in the same name. 

Prop, 55. — If a quantity be so connected with two sets of 
other quantities, that its value varies directly as each of 
the first sett and inversely as each of the second, when all 
the rest remain unaltered ; then, if all are changed, the 
value will vary directly as the product of the first set, 
and inversely as the product of the second. 
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This Prop, can be readily proved only algebraically : — Let B, C, D, &c. 
B^y C^, D^, &c. be given values of two sets of quantities, connected with 
another, whose corresponding value is A, in such a manner that this latter 
varies directly as each of the first set, and inversely as each of the second, 
when all the rest remain unchanged ; then, if all be changed, the value of 

B X C X D X &c. 

A will be changed in the same ratio as — — . 

B^X C^X D^X &c. 

First let B be changed to b, then A will be changed to some value Ai , 

so that A : Ai :: B : b 

Next let B^ be changed to b^, then'A^ will be changed to some value A" 

so that Ai : A" :: — : — 

B^ 61 
Simly. if c,c^i d, d^ ; &c. be other values of C, C^ ; D, D^, &c. and 

Aiii, A^, A^, A^, &c. the corresponding values of A, we shall have the 

proportions, 



A" 




Afii 


• • 

• • 


C 


• 
• 


c 


A«i 




Ai^ 


• • 

• • 


1 

Ci 


• 
• 


1 


Ai^ 




A^ 


• • 

• • 


D 


• 
• 


d 


Av 




A'i 


• • 

• • 


1 


• 
• 


1 



Di rfs 
Whence compounding all these proportions, and striking out common 

means and extremes, we have 

BXCXD bXcXd 

A : A^ : : — ^^— — : ■ 

fiiXC^XDi " i^Xc^X^^^ 
which expresses the fact that A has been changed in the same ratio as that 

B X C X D 
in which 'gwcWD^ ^^^ ^^^^ changed ; that is, that the value of A 

varies directiy as the product of B, C,D,and inversely as that of B^,C^,D^. 

Prop, 56. — To explain the Rule for Compound Pro- 

poi'tion. 

In questions of Compound Proportion, several quantities of different 
kinds are involved, which are so connected with another quantity, that this 
latter varies directiy or inversely as each of them, when all the rest are 
unchanged. Certain values of the first-mentioned quantities, and the 
corresponding value of the last-mentioned are given, and also other values 
of the first, from which it is required to find the corresponding value of 
the last Let B, C, D ; B^, C^, D^, be given values of two sets of quan- 
tities, and A the corresponding value of another quantity, which varies 
directly as each of the former, and inversely as each of the latter quan- 
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tities; also let b^c,di b^, c^, d^, be other given vftlaes of these qaantities, 
fipom which it is required to find the corresponding value of A. If each 
of the quantities B, C, D ; B^, C^, D^, be changed in succession, the 
others remaining unaltered, and if A^ , A^*, A^^, A^^, A^, A^, be the ano- 
eessive values of A, we have the following proportions, 



B 


: ^ :: A : 


Ai 


C 


: c :: Ai : 


A«. 


D 


: d :: A« : 


Aifi 


&{ 


: B« :: A^ : 


Aiv 


ci 


: Ci : : Ai^ : 


A^ 


.d» 


: Di : : A^ : 


A^ 



in each of which die first and second terms are precisely those which would 
have arisen from considering the question as one of Simple Proportion, 
depending only upon the quantities in tliose terms. 

Now if these proportions be compounded, all the A's except A and A^' 
will disappear; and we have the result that the ratio compounded of the 
several ratios B : b &c. is equal to the ratio of A to A^. Hence if the 
ratios B : b &c. be formed, and compounded, A^, or the value of the quan- 
ti^ required may be found by solving a simple proportion in which the third 
term is A, and the first and second are those of the compound ratio. 

Note. This rule might have been deduced immediately from the last 

Prop.; for 

BXCXD bXcXd 

Since A : A^» : : : .^^— — 

B^XC^XDi b^Xc^Xd^ 

.-.A : Avi :: BXCXDX^'Xc^X^^ : ftXcX^X BiXC^XDi 

which is the proportion compounded of the above proportions. 

Prop, 57. — To explain the Rule for finding the Simple 

Interest on a given sum, 

Questibns in Simple Interest are questions in Compound Proportion, the 

quantities involved being cash, time, and interest; interest varying directly 

as each of cash and time, when the other is unaltered. Hence, if P, R, I, 

denote the numbers of pounds in the given sum, in the interest per cent 

per annum, and in the required interest, and n the number of years, we 

have 

100Xl:PX«::B.:I 

.-.100 : R :: PX» : 1 

:: £PX« : £l 

.♦. £1= |£Px«XB}-rXOO 
Whence the Rule.— 

Note. P is the number of pounds in the prindpal, but if there be shil- 
lings and pence in the given sum, it manifestly will not be necessary to 
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express them actually as fractions of a pound, because they are virtually 
so expressed, since instead of the denominations thillingt, pence, might be 

Cor. 1. If n be the number of month* in the time, then since n months 

fi n 

— ^ years, we have only to substitute-r^ for n in the above formula; 

ie. we have to divide the interest for n years by 12. 

Cor, 2. If n be the number of days in the time, we have only to sub- 
stitute — - for ft in the above formula ; by which it becomes 

PXnXR PXR n 

1= = X— (A) 

365 X 100 100 365 

PXR 

X« 



(360 73X360J 



100 
PXR « f M 

X— h — y 

100 360 i 72 j 

PXR 



nearly (B) 



or = 



n ( I 1 ) 

X— -{l h y nearly (C) 

100 360 ( 72 72X72 J 

PXR « 1 

or= X — X — (D) 

100 5 73 

PxR « 1 ( n 

X-X--!l V nearly (E) 



5 72 I 72j 



100 

Formula A gives the exact method for finding interest for a number of 
days ; formula B gives a first approximation to exactness ; C gives a result 
nearer the truth ; D is the formula applicable to decimal operations, giving 
the exact result; £ is also applicable to decimals, giving an approximate 
result 

Cor, 3. Hence if a, (, c, &c. be several sums of money out at interest for 
numbers of days m, n,p, &c. the whole interest 

aXmXR *XnXR cXpXR 

I = 1- h h&c. 

36600 36500 S6500 

2 R 

= xjaX»» + iX« + cXP + &c. I 

78000 ^ ^ 

which formula expresses the Rule 4 in the **' Practice." 

Prop. 58. — To explain the Rules for finding any one of 
the quantities^ Timet Rate, Principal^ when the others 
and the interest are known, 

Ist. To find the time. The time evidently varies directly as the in- 
terest, if the principal and rate remain the same ; hence if I ^ be the interest 
for 1 year, I the given interest, n the number of years, 
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I : P :: II : 1 

that is, the nlio of the given interest to the interest for 1 year will be the 
nnmber of years. 

2nd. To find the nSm, The nte evidentlj varies as the interest, when 
the principal and time remain the same; hence if I^ be the interest fiar the 
given time at 1 per cent. ; 

I : n :: B : 1 
that is, the ratio of the given interest to the interest at 1 per cent, is the 
number of pounds in the rate. 

8rd. To find the principal. The principal evidently varies as the in- 
terest, when the time and rate are the same; hence if 1^ be the interest on 
£1 for the given time at the given rate, 

I : U :: P : 1 
that is, the ratio of the given interest to the interest on £1 is the nnmber 
of pounds in the principal. 

If the amount be given, instead of the interest, since the principal varies 
directly as the amount, if M, M^ be the given amount, and that of £1, 

M : M^ ;: P : 1 
that is, the ratio of the given amount to the amount of iSl is the number 
of pounds in the principal. 

Prop, 59. — To explain the Rule for finding the true dis^ 

count on a sum of money. 

If A owe B a sum of money, which he is to pay at the end of a certain 
time, he will derive from the delay of payment an advantage equal to tiie 
interest of the debt for the given time. If then he pay the money at onoe, 
he ought to receive such a compensation as will leave him, at the end of 
the time, without loss. The question then is, what sum of money must A 
receive in order that, at the end of a ^ven time, he may have gained a 
benefit from it equal to the interest on his debt f In other words, what is 
the sum which, put out to interest for the given time, will produce the 
interest on the debt ? Thus the question of finding the discount becomes 
a question merely of finding the principal, when the amount, time, and 
rate are given : and hence the discount is the ratio of the interest on the 
debt to the amotmt of £1 for the given time. 

Again : the creditor ought not to receive the whole of the debt, but such 
a sum as, put out to interest for the given time, will amount to. the debt, 
f.e. the present worth of the debt Hence the discount is equal to the dif- 
ference between the debt and its present worth. 

Prop. 60. — To prove the Rule for finding the amount at 
Compound Interest of a given principal; and conversely. 
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The amount at simple interest varies diiectly as the priocipalt tlie rate 
and time heing the same : hence if r he the rate of interest per £1 for one 
year, W, M**, M^, &c. he the amounts at the end of the 1st, 2nd, 3rd, &c. 
years, since the amount of one year is the principal of the next, we have 

Mi ; 1 + r :: P : 1 
M" : 1 + f :: Mi : I 
Miii : 1 -I- f : : M" : 1 



whence, compounding the proportions, and expelling common means and 

extremes, 

Mia . (l+r)» :: P : 1 

which gives M^i =P(l + r)» 

and a similar formula may he obtained for any number of yean. 

Conversely, the principal required to produce a given amount at simple 

interest varies directly as the amount, the rate and time being the same; 

hence if Piii, Pii, Pi, he the principals required to produce the amounts at 

the end of the 3rd, 2nd, and 1st years, since the principal of one year is the 

amount of the year before, we have 



pai 




1 


• • 


M 




l+r 


pa 




1 


• • 


piii 




1 + r 


F 




1 


• • 

• • 


Pfi 




1 + r 


pi 




1 


• • 

• > 


M 


t 


(l + f)» 



whence 

now (I 4- 9*)^ is the amount of £1 for 3 years, whence it appears that the 
ratio of the given amount to the amount of £1 is the number of pounds in 
the principal. 

Prop. 61. — To explain the Rules for the several cases of 

Stocks* 

These are all applications either of Simple or Compound Proportion. 
Let P stand for the price of £100 stock, M the amount of stock, S the cost 
of the stock, I the income; and let P^, M^, S^, P, stand for the same in 
another kind of stock. 

First, let it he required to find the cost of a given amonnt of stock at a 
given price per cent Evidently the cost varies directly as the amount to 
be purchased, if the price remain the same. Hence the cost required is 
found by a Simple Proportion, as this, 

100 ; M :: P : S. 

,MXP 

whence S = which expresses the Rule. 

100 

Secondly, let it be required to find how much stock can be purchased for 

a given sum at a given price. Here the amount of stock, which can be pur- 
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chaBed, varies as the sum given for it, if the price remain the same; there- 
fore the amount can be found by a Simple Proportion, as this— 

P : S :: 100 : M. 

Thirdly, let it be required to find what rate of interest may be obtained 
by purchasing in stock bearing a given rate of interest. Here we have giyen 
the interest on the price of £100 stock, and the interest on £100 is required. 
Since the interest varies as the sum invested, other circumstances being the 
same, the solution of this question is one of Simple Proportion, thus — 

P : 100 :: r : R, 

r, R, being the rates of interest on £100 stock, and £100 sterling. 

Fourthly, let it be required to find in which of two kinds of stock it is 
more advantageous to invest Evidently the answer is, that in which the 
higher rate of interest is obtained. The question therefore might be solved 
by finding these rates in the two cases, and comparing them. But since, 

from last case, it appears that K =~p' X 100, it follows that the rate of 

interest is greater in that kind of stock, in which the ratio r : P is greater; 
so that it is requisite only to compare these ratios; whence the Rule. 

Fifthly, let it be required to find what annual income will be realized by 
investing a given sum in stock at a given rate. The income of course varies 
directly as the sum invested, other circumstances remaining the same; 
hence, since the interest on £100 stock is the income arising from the in- 
vestment of the price of £100 stock, we have the proportion, 

P : S :: r : I 

Sixthly, let it be required to find what sum must be invested to prodnce 
a given income. The sum varies directly as the income, other circum- 
stances remaining the same: hence, since the price of £100 stock is the 
sum required to produce an income equal to the interest on £100 stock, 
we have the proportion, 

r : I :: P : S 

Seventhly, let it be required to find how much of one kind of stock can be 
purchased with the proceeds of the sale of a given amount of other stock. 
Here we consider that the amount of stock, which can be purchased with 
a sum of money, varies inversely as the price of the stock, therefore this 
question may be solved by a Simple Proportion thus, 

Pi : P :: M : Ml 

Eighthly, let it be required to find the difference in a person's income 
caused by transference of money from one stock to another. Here it is to 
be conudered, that the income derivable from the investment of a given 
sum varies directly as the rate of interest, and inversely as the price of the 
stock. Hence the solution of the question is obtained by the proportion, 
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r r* 

— : — ;: I : II 
P Pi 

ri X P I^ 

Whence — _ =: — 

rXP^ I 

which gives the ratio in which the income is altered. Hence 



f ri X P I 

1^-1= \ uxi 

I r X P^ J 



which gives the actual difference. 

Prop, 62. — To explain the Rules of Commission, Brokerage, 

and Insurance* 

Commission and Brokerage are allowances made to agents for assisting 
in the transference of property. These allowances are at the rate of so 
much for every £lOO of value of the goods disposed of, or bought; except 
in the case of " Stock," where the calculation is made on the nominal value 
of the Stock. 

Insurance (or rather the premium for insuring) is a sum paid by one 
penon to another, or to a company, in consideration of which the latter 
agrees to make good the loss of the former to a stipulated amount. The 
premium is calculated at so much for every £100 inaured. 

It is evident therefore that the Commission, Brokerage, or Insurance on 
a given sum varies as the sum. Hence the amount of each of these is ob- 
tainable by a propordon thus : — 

As £100 : the given sum £P : : the rate per cent £R : the ans. £A. 

whence 100 : P * : R : A 

or 100 : R : : P : A : : £P : £A 

.-. £A = |£P X R} -r 100- Whence the Rule. 

Sometimes an insurance is effected to an amount sufficient to cover not 
only the value of the goods, but also the cost of insurance. To find what 
sum must be insured to effect this, we consider that the insurance of £100 
will actually recover in the event of loss only the excess of £100 over the 
cost of insurance. Also the sum which must be insured varies as the sum 
to be covered ; hence the solution of the question is obtained by a propor- 
tion thus: — 

As the sum covered by £100 : the whole sum to be covered :•* £100 : ans. 

Prop* 63. — To explain the several cases in Profit and Loss. 

Ist If it be required to find the profit or loss per cent, made in a given 
transaction, it is to be considered that, if the circumstances under wliich 

Q 
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the transaction is effected remain the same, hut the amount of the trans- 
action he douhled, the profit or loss would also he doubled. Hence the 
profit 01 loss varies as the value of the goods on which it is made : so that 
the gain or loss per cent, will be obtained by the proportion. 

As the price of the goods : £100 :: the given gain or loss : answer. 

2nd If it be required to find at what price an article must be sold to 
produce a gain or loss of so much per cent, it is to be considered, that the 
produce of a given sum varies as the sum, the rate of gain or loss being 
the same. For instance, if £J^ be gained or lost on every transaction of 
£100, then £10 will be gained or lost on a transaction of £200, so that 
;£100 will produce £105 or £95, and £200 will produce £210 or £190, 
which is double the produce of £100. Hence the solution of this question 
also is by Simple Proportion thus : 

As £100 : the cost of the article : ; the produce of £100 : answer. 

3rd. If the prime cost of an article be required, it being given that by 
selling it at a certain price a given gain or loss per cent, is made, it is to be 
considered that the prime cost varies as the produce, the rate of gain or 
loss being the same ; for it was shewn in the last case that the produce 
varies as the prime cost. Hence this question is solved by a proportion 
thus: 

As the produce of £100 : the given price : : £100 : answer. 

4th. If it be given that by selling goods at a certain price a given gain 
or loss per cent, is made, and it be required to find the selling price at 
which another gain or loss will be made, then we know from the last two 
cases that the ratio of the produce of £100 to the selling price of an article 
is equal to the ratio of £100 to the prime cost Hence this last ratio being 
the same, when the rate of gain or loss is altered, it follows that if the 
produce of £100 be doubled the selling price must also be doubled, %.%. the 
selling price varies as the produce of £100. Hence the solution of the 
question is effected by a Simple Proportion thus : 

As the 1st produce of £^00 : the 2nd :.• the 1st selling price : the 2nd. 

5th. If it be given that by selling goods at a certain price a certain gain 
or loss is made, and it be required to find what will be the gain or loss 
when the goods are sold, at another given price, it is considered that since, 
as was shewn in the last case, the selling price varies as the produce of 
£100, therefore also the produce of £100 varies as the selling price. Hence 
a proportion stated thus : 
As the Ist selling price .- the 2nd : : the 1st produce of £100 : the 2nd. 

will give the produce of £100 in the event of the goods being sold at the 
second given price. The difference between this and the second price will 
be the gain or loss per cent required. 
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Prop. 64. — To explain the Rules of Fellowship, 

1st Let the times, for which each partner has heen engaged, he the same. 
It is evident that the gain or loss of each ought to vary as the stock of each ; 
90 that the seTcral gains or losses will hear the same ratio to one another, as . 
the several stocks. Hence we must divide the whole gain or loss into a 
number of parts in these ratios. Now the ratios of the stocks are the same 
as the ratios of the numbers of pounds in the stocks, or of the numbers of 
shares ; therefore (by Prop. 46) the several shares of gain or loss are found 
by dividing the whole gain or loss by the sum of these numbers, and mul- 
tiplying the result by each in succession ; or by finding the ratio of the 
whole gain or loss to the whole stock, and multiplying by it each stock. 

2nd. Let the times be different Here it is plain, that the gain or loss 
ought to vary directly as the amount of stock, when the time is the same ; 
and also directly as the time, when the stock is the same: therefore when 
both time and stock are altered, the gain or loss will vary as the product of 
these. Hence the whole gain or loss must be divided into parts, which 
shall have the same ratios as the products of the units in the several stocks 
by the units in the several times. So that the several shares of gain or loss 
will be obtained by dividing the whole gain by the sum of these products, 
and multiplying by each product separately. If the numbers of shares in 
the concern be given instead of the amounts of stock, these may be used for 
the numbers of units, the unit being the amount of a share. 

Prop* 65. — The product of different powers of the same 
number is a power of a degree equal to the sum of the 
degrees of the several powers. 

Every power is composed of factors, equal to the number, and in number 
equal to the degree of the power. Thus in the 3rd, 4th, &c. powers there 
are 3, 4, &c. factors. Hence if two or more powers be multiplied together, 
the result is a number of as many factors as there are in the several 
powers together, i.e. a power of a degree equal to the sum of the degrees of 
the several powers. Thus if the Srd and 5th powers of a number be mul^ 
tiplied, the result is a nimiber composed of 8 factors, or a power of the 8th 
degree. And generally if a denote a number, a"* Xa'* = («XaXoX &c. 
to m factors) X (a X a X a X &c. to n factors) 

= a X « X o X &c. to (m -f n) factors 
z= a m+n. 

Prop. Q6, — A power of a power is another of a degree equal 
to the product of the degrees of the two. 
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If a power of a namber be raised to a giTen power, the result is a nnm- 
ber composed by the product of the first power, repeated a number of times, 
equal to the degree to which it has to be raised; i.e. (hj last Prop.) is a 
power of a degree equal to the sum of the degree of the first power repeated 
a number of times equal to the degree of the second, or of a degree equal 
to the product of the two degrees. Thus if the 8th power is to be cubed, 
the result is the product of three 8th powers, i.e a power of a degree equal 
to three times 8 or 24. And generally if a be any number, then 
(a" )» = a» X «™ X a" X &c. to n factors 

= fl m +B» +in+'c. to n timet ^ a" » 

Cor. Hence the n^ root of the (m n)th power is the m^ power; and 
therefore the m^ root of the n^ root is the first power or the (m n)^ root 
of the (fR ny^ power. So that the extraction of two roots in succession is 
equivalent to the extraction of a root of a degree equal to the product of 
the degrees of the roots. 

Prop, 67 • — The power of a product is equal to the product 

of the powers of the factors* 

For in the power each factor will be repeated a number of times equal 
to the degree of the power ; so that the product of all the footers is equal 
to the product of the powers of the factors. 

Cor. Conversely, the root of a product is equal to the product of the 
roots of all the factors. 

Prop, 68. — The square of a number is equal to the sum of 
the squares of any two parts into which it may he divided^ 
together with twice the product of these parts. 

In multiplying one number by another, we may separate the multipli- 
cand and multiplier into any parts we please, then multiply each part of 
the multiplicand by each part of the multiplier, and add the products. Let 
then the number, whose square is required, be separated into two parts ; 
the square will be found by multiplying both these parts by each of them, 
and adding the products. These products will be in order, the square of 
the 1st part, the product of the two parts, the product of the two parts, the 
square of the 2nd part. Hence the whole square is equal to the sum of the 
squares of the two parts together with twice the product of the parts. 
Thus the square of 16 = (12 + 4)X(12 + 4) 

= (12 + 4)X12+(12 + 4)X4 
= 12X12 + 4X12 + 12X4 + 4X4 
= 12« + 2X4X12 + 4" 
Algebraically expressed the Prop, will stand thus : — 

(a + 6)«=a«+2ai + «". 
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Prop» 69. — The cube of any number is equal to the sum of 
the cubes of any two parts into which it may be divided^ 
together with three times the sum of the products of the 
square of each into the other. 

The cube of a number is obtained by multiplying the square by the 
number. Now the square is equal to the sum of the squares of the two 
parts together with twice the product of the parts. If this be now mul- 
tiplied by one of the parts, the result will be the cube of the first part, twice 
the product of the square of the first into the second, and the product of 
the first into the square of the second. If it be multiplied by the other 
part, the result will be the product of the square of the first into the second, 
twice the product of the first into the square of the second, and the cube 
of the second. Hence adding these results, the cube of the number is 
equal to the sum of the cubes of the two parts, together with three times 
the sum of the products of the square of each part into the other. 

Thus the cube of 16 = (122 -f 2 X 4 X 12 + 4^) X (12 + 4) 

= 12H2X4X12H42X12 + 122X4 + 2X42X12+4S 
= 128 + 3 X 4 X 122 -I- 3 X 42 X 12 4- 4^ 
Algebraically expressed the Prop, will stand thus : — 

(a-f &)» = as + 3a» 6 + 3a«»+i». 

Prop. 70. — /i power of a fraction is the fraction formed 
by raising the numerator and denominator to the required 
power. 

For the product of fractions is obtained' by multiplying the numerators 
for a new numerator, and the denominators for a new denominator. When 
therefore all the numerators are the same, and all the denominators, the 
numerator and denominator of the power will be the power of the nume- 
rator and denominator of the original fraction. 

Cor. 1. A root of a fraction is the fraction formed by extracting the root 
of the numerator and denominator. For if this fraction be raised to the 
power indicated by the degree of the root, it will become equal to the 
given fraction. 

Cor. 2. Hence the square and cube root of decimals may be found by 
extracting the root of the number, considered as integral, and marking off 
as decimals one-half, or one-third as many figures, as there are decimals 
in the given number, which must therefore be some multiple of 2 or 3. 

q2 
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Prop, 71. — To prove the Ride for pointing in extraction of 

the Square Root. 

Since the square of 10 is 100 
„ the sqatre of 100 is 10000 
„ the square of 1000 is 1000000, and so on, 
it appears that the square root of a number 

of 1 or 2 digits will consist of 1 digit ; 
of 3 or 4 digits will consist of 2 digits ; 
of 5 or 6 digits will consist of 3 digits, and so on. 
Hence if every alternate figure be marked by a point, the number of points 
will be the number of digits in the square root. 

Again, since the square of a decimal contains twice the number of 
decimal places, which the decimal contains, therefore if a point be placed 
over every alternate figure in a given decimal, the number of points will 
shew the number of decimal places in the square root; but there most 
always be an even nnmbei of decimals in the given number, that the 
extraction of the square root may be poasibk. 

It is of no consequence with which figure the p oi nting ia oommenced, 
but it is usual to begin with the units' figure, and to point every aHemle 
figure right and left. 

Prop, 72. — To prove the Rule for pointing in extraction of 

the Cube Root, 

Since the cube of 10 is 1000 
„ the cube of 100 is 1000000 
„ the cube of 1000 is 1000000000, and so on, 
it appears that the cube root of a number 

of not more than 3 digits consists of 1 digit ; 

of 4 and not more than 6 digits consists of 2 digits ; 
of 7 and not more than 9 digits consists of 3 digits, and so on. 
Hence if every third figure be marked by a point, the number of points 
will shew the number of digits in the cube root 

Again, since the cube of a decimal contains three times as many decimal 
places as the decimal contains, therefore every decimal, which is a cube, 
must have a number of decimal places divisible by 3, and if a point be 
placed over every third figure, the number of points will shew the number 
of decimal places in the root. 

It is usual to commence the pointing with the units' figure, and to con- 
tinue it right and left, pointing every third figure. 
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Prop. 73. — To prove and explain the Rule for the extrac^ 

tion of the Square Root, 

Let N be the given number of 3 or 4 digits, whose nearest square root 
therefore will contain 2 digits, which call a and b. Then the integral part 
of the root will be denoted by 10 a -f ^* ^^^ ^^^ number be pointed by the 
Rule for pointing, thus being divided into periods from point to point, the 
figures as far as the first point counting from the left being reckoned as the 
first period. Let c be the greatest number, whose square does not exceed 
the first period in N, which is the number of hundreds in N ; then (c-4- 1)^ 
is greater than the number of hundreds in N, and 100 {c-{-l)^ or 
4 10 (c -f 1) y is greater than N. Hence a cannot be greater than c ; for 

if it could be equal to c -|- 1, then since -| 10 (c -f 1) r is greater than N, 
the sqfiare of a part of the root would be greater than the given number, 
which is the square of the whole root Nor can a be less than c ; for then 
10 a would be less than 10 c, and 10 a -f ^ would also (b being a number of 
units less than 10) be less than 10 c, and therefore (10 a -f b)^, which is 
the greatest square in N, would be less than (10 c)^, i.e, would be less than 
the greatest square number of hundreds in N, which is manifestly impos- 
sible. Hence a is equal to c, or the first digit in the root is the greatest 
number whose square does not exceed the first period. We have now to 
find b. Let x be the difference between 10 a -|- 6 and the complete root of 
N ; J? is of course a fraction. Then 



N = (10a + * + *)« = (10a)« + 2Xl0a(i + ip) + (* + ^)2 

N — (10 a)« (b -f «)2 

/. ' ■ ■ zz b -\- Of -{• " ^ 

2 X 10 a 2 X 10 a 

(* + iP)« 6» bof ar" 

Hence If x-\ , or x -f 1 1 , be aproper 

2Xl0a 2X10 a 10 a 2X10 a 

fraction, the integral quotient arising from the division of N — (10 a)^ by 
2 X 10 a will be the second digit But as x may be very nearly equal to 1, 
and ( may be as large as 9, while a may be as small as 1, the value of this 
expression may be very nearly equal to 6, or the quotient may be larger by 
5, than the second digit. But from the second form given of the expression 

it appears that the error decreases or increases, as — 9 and therefore the 

ratio of the quotient to a, decreases or increases. And the error is laiger as 
a, and therefore the remainder from the division, is larger. Also if a be 
greater than 4, or b be less than 4, the error cannot exceed 1, i.e, if the 
first digit be greater than 4, or the quotient less than 5. But practice will 
soon make the detection of the error easy. 
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Suppose then the second digit found ; we have now to see whether the 
number obtained be the exact or nearest root. In order to do this, we must 
evidently subtract the square of the root from the given number. But 
since (10 a -f 6)8 = 100 a> -f 2 X 10 a X & + &^> and in forming the first 
remainder, we subtracted 100 a^, therefore we need only to subtract 
2 X 10 a X 6 + &' from this remainder. Now 2 X 10 a X 6 + &' 
= (2 X 10 a -f ^) X ^ ; if therefore we add to twice the first part of the 
root the second part, and multiply by this latter, the subtrahend will be 
formed. If there be no remainder, the number found will be the exact 
root : but if there be a remainder, either there is no exact root, or the 
second digit in the number found is too small. To determine whether this 
latter be the case, we observe that the addition of 1 to any number in- 
creases its square by 1 more than twice the number ; therefore the remain- 
der must not be greater than twice the root found, if the second digit be 
correct. 

Now let the given number contain 5 or f> digits^ and therefore its root 
contain 3 digits. Let the number be pointed as by the rule : then it may 
be shewn as before that the whole number of tens in the root is the greatest 
number, whose square does not exceed the whole number of hundreds in 
the given number, that is the first two periods. Hence we have to find the 
nearest square root of the number composed of the first two periods, which, 
containing two digits, may be found as already explained. Let a stand for 
this number, a of course is less than 100. Then the whole root will be 
expressed by 10 a -f 6 -f a-, b being the number of units, x a fraction less 
than 1. In precisely the same way as before it may be shewn that the 
digit b may be found by dividing the remainder, after the subtraction of 

100 a', by 2 X 10 a. Only in this case, as a is not less than 10, the 

(b -4- x)^ 
greatest value of the expressions x -|- o v 10 g " ^^^ ^^° ^' ^^^ there- 
fore the error in the quotient cannot exceed 1. 

Having found the digit b, we have to determine as before, whether the 
exact or nearest root has been obtained, by subtracting the square of the 
root found from the given number ; or by subtracting from the Ust re- 
mainder the product of the sum of twice the first part of the root and the 
second part by the second part The criterion by which is known whether 
the last digit be large enough is the same as before, viz. the remainder 
must not be greater than twice the root. 

In the same way it may be shewn how to extract the square root of any 
number whatever. And the process is seen to be that described in the 
ordinary rule, unnecessary ciphers being omitted. If the given number 
be a decimal, the number of decimal places must be made even (Prop. 71), 
and the extraction of the square root of the number considered as integral 
being effected, the root of the decimal is found by marking off as decimals 
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half as many as there are in the given number. For the root of a fraction 
is obtained by extracting the root of numerator and denominator. 

Prop, 74. — If the Square Root of a number contain 
2 n -f 1 digits^ and u-f 1 0/ them have been found by the 
ordinary Rule, the remaining n may be found by dividing 
the remainder by the corresponding trial-divisor. 

For if a and b be the two parts of the root, the one a containing n-\-l 
significant digits, followed by n ciphers, and the other b containing n digits, 
then the remainder after a has been found, and its square subtracted is 

2ab4'b^, which being divided by the trial-divisor 2 a, gives a quotient 

b^ 42 b^ 

b -I- 2^, dijBTering from b by the quantity ^. If then 2J l>e a proper 

fraction, b wiU be correctly found by this division. Now b containing n 

digits is less than 10^ ; and a containing in all 2 n -}- 1 digits is not less 

b^ 10 2n b^ 

than 108»; therefore nZ is less than o v in gn » °' ^^*^ »• ^^^^^"2^0 

being a proper fraction, the division of the remainder by the trial-divisor 
will give b correctly. 

Prop. 75. — To prove and explain the Rule for the extrac- 
tion of the Cube Root of a number. 

Let N be the given number of 4, 5, or 6 digits, whose nearest cube root 
therefore contains 2 digits, which call a and b. Let the number be pointed 
according to the Rule. Let c be the greatest number, whose cube does not 
exceed the first period in N,which is the number of thousands in N ; then 
(e 4- 1)' is greater than the number of thousands in N, and 1000 (c +1)^ 
is greater than N. Hence a cannot be greater than c; for if it could 
be equal to c -f 1, then, since 1000 (c •{• 1)^ is greater than N, the 
cube of a part of the root would be greater than the given number, which is 
the cube of the whole root. Nor can a be less than e ; for then 10 a would 
be less than 10 e, and lOa-\-b would also be less than 10 c, and therefore 
(10 a -f b)^, which is the greatest cube in N, would be less than 1000 c^, 
i.e, woxild be less than the greatest cube number of thousands in N, which 
is manifestly impossible. Hence a is equal to c, or the first digit in the root 
is the greatest number, whose cube does not exceed the first period. We 
have now to find ft. Let a? be the difference between \Oa-\-b, and the 
complete root of N ; iv is of course a fraction. Then, 

N = |lO a -f r+7 I '=(10a)»-f8(10a)2(H^)-f3(10a) (i-f^)a4(6+fl?)« 

N — (10 a)8 (b -f a?)« (b -f ^)8 

^^-^— ^.^— — ^^ b -^ X "4* — ^— ^— "— — t" ^— — — ^— 
3(10a)a 10 a 3(10o)a* 
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(b + »y (6 + «)» 

Hence if a? -| ^ be a proper fraction, the integral quo- 

10 a 3(10 a)"" 

tient arising from the division of N — (10 a)' by 3 (10 a)^, will be the 
second digit. But as x may be very nearly equal to 1, and b may be as 
large as 9, while a may be as small as 1, the value of the above expression 
may be very nearly as laige as 14^ ; or there may be an excess of 14 in the 
quotient above the second digit, and even if a be 9, there may be an ex- 
cess of 2. But as the ratio — is diminished or increased, the possible 

error is diminished or increased. And if 6 be less than 3, the error cannot 
exceed 1. No Rule however can be formed for determining the exact 
amount of error in every particular case. Suppose then the second digit 
found ; we have now to see whether the number obtained be the exact, or 
nearest, cube root To do this, we must subtract the cube of the root from the 
given number. But since (10 a + 4)» = (10 a)»+ 3 (10 a)* 6 -J- 3 (lOo)** 
-f 6', and in forming the first remainder we subtracted (10 a)^, there- 
fore we need only to subtracts (10 a)' &-f 3 (lOaj^' -f 6^ from this 
remainder. Now this expression may be put into the form -| 3 ( 10 a)' -f 

{3(lOa)-\-b \ b\ b, 80 that if to the divisor 3 (10 a)' there be added, 
the product by the second part of the root of the number, formed by 
adding the second part to three times the first part, and this whole sum 
be multiplied by the second part, the subtrahend will be formed. If there 
be no remainder, the number found will be the exact root, but if there be a 
remainder, either there is no exact root, or the second digit in that found 
is too small. To determine whether this latter be the case, we observe that 
the addition of 1 to any number increases its cube by 1 more than three 
times the product of the original, by the increased number; therefore the 
remainder must not be greater than this product, if the second digit be 
correct 

Now let the given number contain more than 6 and not more than 9 
digits ; its nearest cube root therefore will contain 3 digits. Let the nimi- 
ber be pointed according to the Rule ; then it may be shewn as before that 
the whole number of tens in the root is the greatest number, whose cube 
does not exceed the whole number of thousands in the given number, that 
is the first two periods. Hence we have to find the nearest cube root of the 
number composed of the first two periods, which, containing two digits, 
may be found as already explained. Let a stand for this number, a of 
course being less than 100. Then the whole root will be expressed by 
10 a -\- b •\- X, b being the number of units, a a fraction less than 1. In 
precisely the same way as before it may be shewn, that the digit b may be 
found by dividing the remainder, after the subtraction of (10 a)^ by 
3 (10 ay. Only in this case, as a is not less than 10, the greatest possible 
excess of this quotient over b will be 2. 
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Having found the digit 6, we have to determine, as before, whether the 
e^ct or nearest root has been obtained, by subtracting the cube of the root 
found from the given number; or by subtracting from the last remaiuder a 
subtrahend formed in the same manner as the former one. 

The method of forming the second trial-divisor without the labour of 
squaring the root may be shewn thuS; Let a, &, be the first two digits in 
the root, then the number of hundreds in the next trial-divisor will be 

8 (10 o -h 6)«, or 3 (10 a)^ + 2/3 (10 a + 6]- 4 + 4«, or is the sum of 

the last complete divisor, and the quantity -| 3 (10 a} -j* ^ f ^ increased by 
the square of the last figure in the root. 

In the same way it may be shewn how to extract the cube root of any 
number whatever. And the process is seen to be that described in the 
Rule, unnecessary ciphers being omitted. 

If the given number be a decimal, the number of decimal places must 
be made some multiple of three, (Prop. 72), and the cube root of the 
number, considered as integral, being effected, the root of the decimal is 
found by marking off as decimals one- third as many as there are in the 
given number. 



Prop, 76. — Jf the cube root of a number contain 2 n -^ 2 
digits^ and n + 2 have been found by the ordinary Rule, 
the remaining n may be found by dividing the remainder 
by the corresponding trial-divisor. 

For if a, b, be the two parts of the root, the one a containing n -{- 2 sig- 
nificant digits, followed by n ciphers, and the other b containing n digits, 
then the remainder, after a has been found, and its cube subtracted, will be 
3 a" 6 -f 3 a 6" -f 6®, which, being divided by the trial-divisor 3 a**, gives 

b^ 6» 6« i* 

a quotient b-] ^ , differing from b by the quantity — -f . If 

a 3a« a 3o* 

this quantity be less than 1, b will be correctly found by the division. Now 
b containing n digits is less than 10°, and a containing in all 2 n -f ^ digits 

b^ b^ 102 n loan 

is not less than lO^" + 1 ; therefore — ^ is less than — 1 

a 3a2 102n+i 3xl0*n+« 

11 11 

i.e, is less than \- much more therefore, is less than 1 

10 3XlO»+2 10 100 

11 

or . Hence b is accurately found by dividing the remainder by the 

100 

trial-divisor. 
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Prop, 77. — In any ArithmeUc Series the sum of any two 
terras^ equidistant from the extremes is always the same ; 
andf when the number of terms is odd, twice the middle 
term is equal to the sum of the extremes. 

For every Arithmetic series, whose tenns increaae hy a common difier* 
ence, may hy inverting the order of the terms, be written as a decreasing 
series, and any term of the increasing series will be as much greater than 
the first term as the corresponding term of the decreasing series is less 
than its first term : that is if a and I be the fijst and last terms of the 
series, and b and c two terms equidistant from a and &, the excess of b 
above a will be equal to the defect of c from /, or b — a = / — c: hence 
b •\- c zz a •\- 1. Also if m be the middle term, then m — a = 2 — m, or 
2 m = a 4 /. 

Prop. 78. — To find the sum of an Arithmetic Series. 

Let the order of the terms of the series be inverted, and another series 
formed; and let the corresponding terms of these two series be added 
together, the result will (Prop. 77) be a series of terms, each equal to the 
sum of the first and last terms of the original series, and the number being 
the same as in that series. Also the sum of these terms, being the sum of 
two identical series, is twice the sum of one of them. Hence twice the 
sum of the series is equal to the sum of the first and last terms multiplied 
by the number of terms : or the sum of an Arithmetic series is the sum of 
the first and last terms multiplied by half the number of terms. 

Prop, 79. — To find any required term of an Arithmetic 

Series, 

Since every term is greater than the preceding or following by the com- 
mon dijfference, therefore the second differs from the first by once the com- 
mon difference, the third differs from the first by twice the difference, and 
80 on. So it appears that to form any term from the first and the common 
difference, we must increase or diminish the first term by the product of 
the common difference multiplied by a number less by one than the number 
of the term. 

Cor, 1. Hence the last term is equal to the first term increased or di- 
minished by the product of the common difference multiplied by a number 
less by one than the number of terms. 

Cor. 2. Hence if the difference between the first and last terms of an 
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Arithmetic series be divided by a number less by one than the number of 
terms, the result will be the common difference. This divisor being greater 
by one than the number of means, the common difference may be found 
by dividing the difference between the first and last terms by the number 
of means increased by 1. 

Cor. 3. Hence is apparent the method of inserting Arithmetic means 
between two given numbers; for the common difference being found as 
above, the successive terms may be readily formed from the first by the 
Prop. 

Prop, 80. — To find any required term in a.Geomeiric series 
from the first term, and the common ratio. 

In a Geometric series the ratio of any term to the preceding is the same, 
so that any term may be formed from the preceding by multiplying by the 
same number, which is called the common ratio. Hence in the second term 
the common ratio will enter as a factor ofice; in the third term twice ; in 
the fourth term three times ; and so on. Whence it appears that the com- 
mon ratio will appear as a &ctor of any term a number of times less by one 
than the number of the term. 

Cor, 1. Hence the last term is equal to the product of the first term mul- 
tiplied by a power of the common ratio of a degree less by one than the 
number of terms. 

Cor. 2. Hence if the first and last terms be given of a Geometric series, 
the quotient of the first by the last will be a power of the common ratio of a 
degree less by one than the number of terms ; whence the common ratio 
may be found. 

Cor. 3. Hence if it be required to insert any number of Geometric means 
between two numbers, the common ratio being determined, the terms them- 
selves may be found by the Prop. 

Prop. 81. — To find the sum of a Geometric series. 

Let the terms of the series be multiplied by the common ratio ; the result 
will be a series containing all the terms of the former except the first, and 
another term, which is equal to the product of the last term by the com- 
mon ratio ; also it is manifest, that the sum of this series is equal to the sum 
of the former multiplied by the common ratio. Hence the difference between 
these series is equal to the difference between the first term, and the last 
multiplied by the common ratio ; but it is also equal to the difference be- 
tween the sum of the first and the same sum multiplied by the common 
ratio, i.e. to the product of the sum of the first multiplied by the difference 
between 1 and the common ratio. Hence the sum may be obtained by 

R 
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clrriding the difioenoe between the fint teim and the last muhq^ed by 
the common ratio, bj the diffiurenee between 1 and the cmmnen ratw. 

Prop, 82. — The powers of a number f greaier than umt^^ tn- 
crease, while those of a number, less than unity, decrease 
continually without limit. 

Any number repeated more than once ia greater than itself; but if a 
number greater than unity be multiplied by itself, it will be repeated more 
than once ; therefore the square of such a number is greater than the first 
power; the cube is greater than the square, &c. The powers therefore of a 
number greater than unity increase continually. And this increase has no 
limit For if a number however small be continually added to another, 
there will in time result a number greater th«n any other, which may be 
assigned. Much more therefore, when the numbers successiyely added are 
continually increased, will this be the ease, fint in forming the cube from 
the square, a {greater number is added than in forming the square from the 
first power, since in the former case a number greater tiian the square is 
added ; and in tiie latter, a number less than the square. Similarly it may 
be shown, that in forming all the successive powers of a number greater 
than unity, numbers are added which oontinuailly increase. Heoceby 
raising the number to some power, a nurabw may be formed greats titan 
any, which may be assigned. 

Again : a part, or parts of a number less than the whole mimber of parts 
in it, is less than the whole. Btxt if a number be multiplied by a proper 
fraction, it is divided into a number of parts equal to the denominator, and 
a number of these parts are taken equal to the numerator, and therefore lesi 
than the denominator. Therefore the product is less than the multiplicand. 
Hence the square, cube, fourth powers, &c. of a proper fraction, are respec- 
tively less than the first, second, third, &c. powers, or the powers of a proper 
fraction continually decrease. And this decrease has no limit. For a proper 
fraction is equal to unity divided by the same fraction inverted,which is great- 
er than unity ; and which therefore can be made as laiige as we please, by rais- 
ing it to some power. By raising the proper fraction therefore to some 
power, a result may be obtained equal to unity divided by a number as large 
as we please, i.e. such a part of unity, as that any number of these parts we 
please are required to form a quantity as large as unity, that is, as small a 
part of unity as we please. Hence the powers of a proper fraction may be 
made as small as we please, or decrease continually without limit. 

Prop, 83. — To find the limit of the sum of an infinite dc' 

creasing Geometric series. 
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The limit of the sum of a series is a number, to which the sum of a 

finite Bomber of terms becomes more and more nearly equal, as the number 

of terms is increased; but to which the sum is neyer actually equal, how- 

erer many terms be taken. 

The algebraical expression for the sum of a geometric series, whose first 

a — at* a ar^ 

term is a, and common ratio r, is — — which = . 

1 — «• 1 — r 1 — r 

Now if I* be a proper firaction, r^ may be made as small as we please, and 
a r» 

therefore may be made as small as we please, by increasing n. Hence 

1 — r 
the sum of an infinite decreasing geometric series continually approximates, 

a 
though no finite number of terms can ever equal, the quantity ^— . There- 

1 — r 
fore the limit of the sum of such a series is the ratio of the first term to the 

difference between 1 and the conmion diflference. 

Prop. 84. — To prove and explain the Rule for finding the 
time at which several sums due at different times may be 
paid together. 

The principle on which the ordinaxy rule is founded is the following. It 
is said that the debtor, by holding the debts in his hands, gains the advan- 
tage of the Interest on them for the several times, ibr which he is allowed 
to hold them ; and that therefore, if he pay them all at one time, this time 
should be determined by the condition that he should still gain the same 
aggregate advantage as before. In other words, it is said that the sum of 
the interest on the several debts for the times, at which they are due, ought 
to be equal to the interest on the sum of the debts for the equated time. 
This implies that the sum of the interest on the debts paid fifter they are 
due should be equal to the sum of tiie interest on the debts paid before 
they are due, for the difierence of the times at which they arCf and ought 
to be, paid ; and also that the sum of the amounts of the several debts for 
the difierence between the longest time and their own times, should be 
equal to the amount of the sum of the debts fi)r the difierence between the 
same time and the equated time. On these principles, if jC S^, £ Sg, £ Ssi 
&c. be several sums due at times T^, T^, Tg, &c. terms respectively, and 
r be the interest on £1 for one term, and t the number of terms in the 
equated time, we have 

r { Si Ti + SaTa + Sj T8+ &c. ]■ = «• -[Si + Sg+Sa + &c. \t 

Si Ti +Sa Tg + SsTa + ftc 

whence t = 

Si + Sa + Ss-f &c. 

which formula expresses the ordinary rule. 
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But with reference to these principles, it may be said, that the debtor bj 
paying at the equated time gains the full advantage of leaving the debts 
unpaid their own times, sooner than he would in this case do. And again, 
by paying a debt before it is due, the debtor loses not the interest but the 
discount^ and therefore the interest on the debts paid after they are due, 
should be equal to the discount on those paid before they are due, which 
would give the equated time smaller than the above formula^ But the 
ordinary Rule is sufficiently exact for practical use. See note. 

Prop, 85. — To prove the Rule for finding the amount of an 

annuity. 

If A be the number of pounds in the annuity, n the number of terms for 
which it is to be paid, r the interest on £1 for 1 term, then the amount of 
the 1st payment, which is forborne forn — 1 years is A (1 -f r)>^-~ ^ ; that 
of the second payment is A (1 -f r)'^ ~.^ ; and so on ; that of the last is A. 
Hence the sum of the amounts. 

= A-[(l-fr)»-i + (l + r)»-« +&C. + 1}' 

(l+r)n-l (l + r)n~l 

= A X = A X (Prop. 81.) 

(l + r)-l r 

which expresses the Rule, (1 -f r)» being the amount of £1 at Compound 

interest > 

Prop, 86. — To prove the Rule for finding the present value 

of an annuity. 

Let P be the number of pounds in the sum, which, put out to interest, 
will be sufficient to pay the annuity A for n years. Then 
Principal for Ist year = P 

„ 2nd year = P (1 +r) — A 

„ 3rdyear = P(l + »*)* — A(l + r) — A. 



nthyear =P(l+ry»-i— A(l+r)n-«-A{Hr>>»-i— &c.— A 
the amount of this last should be just sufficient to pay the n^^ annuity; 

or P (1 + r)" — A (1 + r)»»-i — A (1 + r)»-« — &c. — A = 

(l+r)n-l 

.-. P (1 + r)n - A X = 

(l-fr)-l 

(J+r)»-l 
.-. P(r+r)n=AX 

(l + r')n — 1 
P= AX 



(1 +»•)•» Xr 



Cor 
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whieh expresses the Rule, and shows that P is such a sum, as put oat at 
Gompouod Interest would amount to the amount of the annuity. 

.1, P = A •< — — > which as n increases approxmiates 

\r r(l4.r)-i 
A A 

to — I so that — is the limit of the value of the annuity, as the number of 

r r 

years for which it is paid is indefinitely increased. Hence if the annuity be 

A 
perpetual P = — . 
r 
Cor, 2. This Prop, enables us to find the value of a leasehold, or the fine 

payable for a lease of any number of years, this being the yalue of an annu- 
ls equal to the diifferenee between the rack-rent and the lease-rent. Also 
C9r. 1 ffives the value of a freehold, which is a perpetual annuity. 

Prop. 87 » — To prove the Rule far finding the value of a 

deferred annuity. 

The value of an annuity to commence after m years, and to continue n 
years, is evidently the difference between the values of the annuity for 
m-^n years, and for m years. Hence if P be the present value, 

p = Axl : \ 



r l(l+r)n (i-fr)in+nj 



which expresses the Rule. 
Car, This Prop, enables us to find the value of Reversionary Annuities. 

Prop* 88. — To prove the Rule for finding the annuity ^ which 
can he purchased for m given sum* 

By Prop. 86 it appears, that the present value varies as the annuity, and 
hence the purchasable annuity varies as the sum invested. Therefore if 
i^ A be the annuity, which may be purchased with a sum, £ P, and £ P^ be 
the present value of £1 annuity, 

£P : £P» ;: £A £1 

P 

Pl 

Prop, 89. — To explain the methods of working questions in 

Exchanges^ 

1st. Let it be required to determine how much coin of one country is 
equivalent to a given amount of another, the course of exchange between the 

r2 
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two being given. Evidently the amoant of coin varies directly as the snm 
which is to be exchanged for it ; therefore the aolotion of these questions is 
obtained by a Simple Proportion, -which^ when the first term is unity, may 
be solved by ordinal Multiplication, or bj Practice. 

2nd. Let it be required to determine the course of exchange between two 
places, the courses between each of the two and a third being known. Thus 
let it be given that a coins of the Ist place are equal to b coins of the Sxd, 
and c coins of the Srd equal to d coins of the 2nd, then it is required to find 
how many coins of the 2nd are equivalent to a coins of the Ist This is of 
course the same number as are equivalent to b coins of the 2nd ; so that 
the question is : — If d coins of a given place are equivalent to c coins of 
another, how many of the former are equivalent to 6 of the latter ? Which 
is a question precisely similar to the Ist case, and the solution therefore is 
obtained in the same way. 

Srd. Let it be required to find the course of exchange between two places, 
which are connected with several other places by having given the courses 
between the Ist and 3rd, the 3rd and 4th, the 4th and 5th, &c. the last and 
the2njd. Thus let it be given that a ^ coins of the Ist are equivalent to 
bi coins of the 3rd place; a^ of the 3rd equivalent to 6a of the 4th ; a^ of 
the 4th to ba of the 5th ; a^ of the 5th to b^ of the 2nd ; then it is required 
to find how many coins of the 2nd are equivalent to Oi coins of the 1st 
The solution of this question might be effected by a series of Simple Arbi- 
trations by last case : thus the course between the Ist and 4th places might 
be found from the known courses between the Ist and Srd, and the Srd and 
4th : then the course between the Ist and the 5th might be found in the 
same way ; and then that between the 1st and 2od. Thus : — 

Let the course between the 1st and 4th be jr, that between the 1st and 6th 
be^; that between the 1st and 2nd be zi then the following proportions 
will give Xf y, z. 



b^ : X 

K ' y 

64 : z 



aa : b^ 
fls : X 

Therefore, compounding these proportions, we have : — 

fla X Os X a* &i ! : *a X *a X *4 - z 

*i X 62 X 63 X h^ 
,\ z = 

fla X as X a* 

The same result would be obtained by writing a series of equations express- 

iug the given courses of exchange , (thus ' 

Qi coins of 1st kind =: b^ coins of Srd kind 

aa . • • • • • Srd kind = 63 4th kind 

as 4th kind = 63 ...... 5th kind 

04 5th kind = 64 2nd kind ) 
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and multiplying the numbers on the right hand side, and dividing the pro- 
duct by the product of all but the Ist on the left hand side. Whence has 
arisen the Rule called the Chain Rule. 

Prop, 90. — To explain the Rules for questions in Barter, 

1st. The value of goods given in exchange is to be equal to that of the 
goods received ; therefore the quantity of the goods exchanged must be the 
quantity which might be purchased for the value of the goods received. 
Hence the first Rule. 

But evidently questions in Barter are questions in Exchanges, in which, 
instead of different coinSy we have different articles concerned. Hence the 
solution may be effected by the Chain Rule. 

2nd. If it be given that a certain quantity of one article is exchanged for 
a certain quantity of another, whose rate of cost is known, and it be required 
to find the quality ^ or the cost of an unit, of the former, evidently the value 
of the number of units in the former quantity is equal to the value of the 
latter, which being determined, the value of one unit is obtained by division 
by the number of units. 

3rd. If the cash price of one article is altered in a bartering transaction, 
in strict justice that of the article exchanged ought to be altered in the same 
ratio : or the ratio of the nett to the bartering prices ought to be the same 
for both articles. For instance, if in bartering the rate of cost of an article 
be doubled, only one half as much would be received in exchange for a 
quantity of another article, as would have been received, if the price had 
been unchanged. But if the rate of cost of the latter be doubled also, then 
the same quantity will have to be received as if neither price had been al- 
tered. Hence the nett, or bartering price of an article may be determined 
when either is given, the nett and bartering prices of anotiier being given, 
by a Simple Proportion. 

Prop, 91. — To explain the Rule of Alligation, 

The value of the mixture is the sum of the values of the ingredients ; 
hence if these values be added, and divided by the number of units of quan- 
tity in the mixture, the result will be the value of one unit of the mixture. 
Hence the Rule. 

Prop, 92. — To explaifLihe method of passing from one scale 

of Notation to another. 

To express a number in any given scale, as the duodenary, we have to 
find what number of collections of single units, of twelves of units, of 
twelves of twelves of units, &c. ("the number of each kind being less than 
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tveWe) oompoie the giren number. If then the number be divided by 12, 
the remainder will be the number of single units leas than 12; and the 
quotient will be the exact number of twelves. If now the number of twelves 
be divided by 12, the remainder will be the number of single twelves, less 
than IS; and the quotient will be the number of twelves of twelves. In 
the same manner the number of twelves of twelves, &c. less than twelve 
may be found. The same may be sud of any other radix. 

Hence the Rule for the expression of an integral number in any scale. 
If the number be a fraction less than 1, it is to be expressed (using the same 
radix as before ;) as a number of tweltlhs, of twelfths of twelfths, &c. less 
than twelve. Now numerator and denominator of a fraction may be both 
multiplied by 12, without altering the value : let this then be done, and let 
the multiplied numerator be divided by the original denominator; the inte- 
gral quotient, which is of course less than 12, will be the number of twelfths 
in the fraction. In like manner the fractional part of the quotient may be 
converted into twelfths, which will be the twelfths of twelfths in the given 
fraction. So the other numbers may be found. The same may be said of 
any radix. 

The same Prop, exhibited algebraically : — Let N be the given number, 
and let a^t <(i) ^2* ^s* ^^- ^d ^ ^® digits in order from right to left, 
which represent the number. Then 

.-. — =aiirn-i4.flii-ir»-«4- - - - +a2r + ai+ — 
r »■ 

Sinee the digits are all less than r, J^ is less dian 1, or «o ^ the leoBaindvr 
after dividing N by r. Similarly if N be the integral quotient, 

r ^ 

or ffi is the remainder after dividing N by r. Similarly it may be shown 
that the successive digits are the remainders arising from successive divi- 
sions by r. If N is a fraction, and a^, ag, &c. be the successive digits, 

Oi ttg a^ 

then N = — +— +— + &C. 
r r^ rs 

.-. NXr = ai-f — + - + &C. 

r r» 

or the first digit is the intend part of N X r. Similarly if N i b« the frac- 
tional part of N X »*. * 

Ni = — h — I-&C. 

.-. NiXr = aB+— + &e. 

r 
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or fla is the integral part of N X »*. Similarly it may be shown that the 
successive digits may be found by successive multiplications of the fractions. 

Prop, 93. — The number of superficial units in the area of a 
rectangle is the product of the numbers of lineal units of 
the same kind in the length and breadth. 

Let A B, A C, be sides of a rectangle, and 
let A B contain 6, A C 4, units of the same 
kind. Divide A B into 6, and A C into 4 
equal paits, and through the points of bisec- 
tion draw lines parallel to A C, A B, thus di- 
viding the rectangle into equal squares, each 
being a superficial unit Then it is seen that 
the number of these squares is 24 or 6 X 4. Therefore, if the numbers of 
imits in the sides be integers, the Prop, is true. 

Next let A B contain 3i units : A C 2| units of the same kind : produce 
A B to £ making A £ =: 4 times A B, and 
produce A C to F making A F = twice A C. 
Construct a figure similar to the former, on 
A ^, A F, as sides of a rectangle. Then it 
is seen that the rectangle A 6 is composed of 8 rectangles, each equal to 
B C. But A £ contains 4 X 3|> or 13 units, and A F contains 2 X 2|, or 
5 units : therefore A G contains 13X 5, or 65 superficial units. Hence B C 
being one eighth of A G, contains ^^ superficial units. But V^ = ^ X f 
= 3| X 2}. Therefore the Prop, is true when the numbers of units are 
fractions. 

Cor, 1 . Hence a square whose side contains a units, contains a X a su- 
perficial units. Therefore a square whose side is 12 in. or 1ft., contains 
144 square inches ; i.e, 1 square foot is equal to 144 square inches. In a 
similar manner the other parts of superficial measure may be proved. 

Cor, 2. Hence a rectangle 12 in. by I in. containing 12 square inches, is 
the 12 th part of a square foot, and if a be a number of feet in the length of 
a rectangle, b the number of inches in the breadth, the area of the rectangle 
is a X 12 X ^ square inches =zab twelfths of a square foot. Therefore a 
number of feet multiplied by a number of inches gives the number of super- 
ficial primes in a rectangle, whose sides contain these numbers of feet and 
inches. In a similar manner it may be shown that a number of inches 
multiplied by a number of twelfths of inches, gives the number of super- 
ficial thirds, each being the twelfth of a square inch. 

Cor, 3. Hence the method of finding the area of a rectangle, whose sides 
are given as a number of feet, inches, &c. by Cross Multiplication, is evi- 
dent. For the area of a rectangle contained by any two lines is the sum of 
the areas of the rectangles contained by each part of the one, and each part 



190 



THE P&INCIPLES OF ARITHMETIC. 



r 

I 



of the other. Thus the rectangle con- ^ b 

tftioed bj AD and A£, is equal to 

the sum of the rectangles contained 

by A F, and each of A6, BC, CD; 

and by F6, and eai^ of the same 

parts; and by GE and each of the 

sameparts. If AB, BC, C D ; AF, 

F G, G £ ; be lengths of a certain number of feet, inches, seconds, the areas 

of these rectangles may be found as above, and added together. 

Prop. 94. — The number of soUd units in a reciangular 
parallelopiped is the product of the nwivhers of lineal 
units of the same kind in the le^igthi breadthf and thick" 
ness. 

Let AB, AC, AD, be the thiee edges of a rectangular parallelopiped; 
let A B, A C« A D, contain respectively 6, S, and 4 uniU. Divide A B into 
6 parts in F &c. through F &c. draw planes pa- Fig* 1* 

rallel to the side A C E D of the solid ; tiien the 
solid is divided into 6 solids, each equal to A H, 
whose base is A C E D, and height 1 unit ; there- 
fore the whole solid contains 6 times as many 
solid uniU as A H. Again, if A C be divided 
into 3 equal parts, and planes be drawn through 
the points of section parallel to A K, A H will be 
divided into S equal solids, whose base is A K, and height 1 unit. There- 
fore the whole solid will be divided into 6 X 3 of these solids. Lastly, if 
A D be divided into 4 equal parts, and planes be drawn through the points 
of bisection parallel to A G, the solid with base A K will be divided into 4 
equal solids, the ba^e of {each being 1 square unit, and the height of each 
1 unit; each is therefore 1 solid or cubic unit Therefore the whole solid 
oontains 6X^X4 cubic units. Whence the truth of the Prop, when 




the numbers of units in the dimensions are integers. 

Next let A B, AC, AD, contain respectively 
3i> H* 4| units; produce them to E, F, G ; A E 
being 2 AB, AF being 8 AC, AG being4 AD ; 
and describe a rectangular parallelopiped on 
AE, AF, AG asedges. If AE, AF, AG, 
be divided into 2, 3, and 4, equal parts, and 
planes be drawn through the points of section 
parallel to the sides of the solid, the solid will be 
divided into a number of solids, each equal to 
that contained by AB, AC, AD, in number 



Fig, 2. 




THE PRINCIPLES OP ARITHMETIC. }91 

equal to 2 X 3 X 4. Therefore the content of the smaller is "oZTTZTT^ 

part that of the larger. But the larger contains a number of cubic units 

equal to 5 X 10 X 17, since A £, A F, A G» contain 5, 10, and 17 lineal 

5 X 10 X 17 
units, therefore the smaller contains o y 3 y 4 cubic units, or f X ^ 

X V* or 2} X 3|, X ^ cubic units. Hence the Prop, is true when the 
dimensionfl are fractional. 

Gor, 1. Henee a cobey whose edge eontahks a units, oootains « X a X a 
cubic units ; thefefors a culie, whose edgs is 12 Inehee, or 1 foot, oontaiiie 
12 X 12 X 12 or 1728 cubic inches; t.«. 1 cubic foot is equal to 1728 cubic 
inches. In the same way the other parts of solid measure may be proved. 

Cor. 2. Hence a rectangular parallelopiped, whose edges are 12 in. 12 in. 
lin. contaimng 144 cubic inches, is one-twelfth of a cubic foot: and if a, fr 
be numbers of feet in two edges, and c a number of inches in the third, the 
content of the paiallelopiped is a X 12 X ^ X 12 X e cubic inches, or 
aX^XcXl^ cubic inches, or a X ^ X « twelfths of a cubic foot But 
a X ^ i> the number of square feet in a rectangle whose sides contain a, 
and b lineal feet: therefore a number of square feet in a lectsngk multi- 
plied by a number of lineal inches gives the number of cubic primes in the 
solid, whose base is the rectangle, and height the inches. Also 6 X c is the 
number of superficial primes in a rectangle whose sides are h feet and c 
inches; therefore a number of superficial primes in a rectangle multiplied 
by a number of Uneal feet gives the number of cubic primes in a solid 
whose base is the rectangle, and height the feet. In the ordinary mode of 
speaking, square feet multiplied by lineal inches give cubic piimes ; and 
superficial primes multi^ied by lineal feet give cubic primes. Similarly 
it may be shown that superficial primes multiplied by lineal inches, or su- 
perficial seconds by lineal feet, give cubic seconds. 

Cor. 3. Hence the method of finding the solid content of a rectangular 
parallelepiped by Cross Multiplication is evident, the dimensions being 
given in feet, inches, &c. For the content of any parallelopiped (as that in 
fig. 2,) is evidently the sum of the contents of those whose base is E F, and 
heights A D, D H, H K, K G. And the contents of these are equal to the 
sum of the contents of others whose bases are parts of E F, and heights as 
before. Therefore if these contents be determined, (as they may be by 
multiplying the square units in the bases by the lineal units in the heights,) 
and.be added together, the sum will be the content of the parallelopiped. 
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I . — To explain the Rules of Reduction, 

The rules for conyerting numbers of one denomination to another 
appear axiomatical, when an exact number of one is contained in one of 
another. Thus, since £1 is equivalent to 20s. it is evident that any sum 
of money will be equivalent to 20 times as many shillings as pounds ; and 
therefore that, if pounds are to be reduced to shillings, we must multiply 
by 20, and if shillings are to be converted into pounds, we must divide by 
20. And similar reasoning may be used in all other cases of the same 
kind. But if no exact number of the one denomination be contained in 
one of the other, the question is evidently one of finding how many times 
one of the new denomination is contained in the given quantity, or of 
finding the ratio of the given quantity to the unit of the given denomina- 
tion. The explanation therefore of tl^e rule is by Prop. 45. 

2. — To prove the Rule for conversion of shillings, pence, and 
farthings, into decimals of a pound. 

Since 28. = i^£. ^ .1£. 

1*. = ^£. = .060£. 

ft/: = la, = .025£. 

\\d. = \ of 6d. = .00625£. 

^ =lo{\ld.= .00104i£. 
therefore for every pair of shillings 1 must be placed in the first place of 
decimals ; and for an odd shilling 50 in the 2nd and 3rd places : also for 
every farthing besides the shillings there must be 1 in the 3rd place, and, 
since for 6d. there must be 25 in the 2nd and 3rd places, 1 extra must be 
added for 6d. Also it appears that^ for every farthing above the last six- 
pence, 4 must be put iu the 4th and 5th places, which for 6 farthings or 
lid. would become 24, but, since 25 appears in the 4th and 5th places for 
every lid. 1 extra must be added for every 6 farthings. Lastly for every 
farthing above the last six there will appear in the 6th and following places 
the decimal figures equivalent to the vulgar fraction ^ ; therefore the figures 
in these places will be found by converting the fraction, whose denominator 
is 6, and numerator the number of farthings above the last six, into a 
decimal. 

Conversely, the approximate value of a decimal of a pound may evidently 
be obtained by this Rule : — Take a pair of shillings for every one, in the Ist 
place, and an odd shilling for 50 (if there be 50) in the 2nd and 3rd places. 
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Also for every one besides in these places take one farthing, subtracting 1 if 
the number be greater than 24. By converting the decimal into farthings, 
which is easily done by multiplying by 1000 — 40, this approximation may 
be corrected. 

3. — To explain the Rules of Practice, 

The cost of a quantity of goods at a given price is equal to the sum of 
the costs at other prices, which are together equal to the given price ; or is 
equal to the sum of the costs of parts of the goods. Also the cost at any 
price, which is an exact part of another price, is the same part of the cost 
at this latter price, and may therefore be obtained from the latter by Divi- 
sion. And the cost of any quantity of goods, which is an exact part of 
another quantity, is the same part of the cost of this latter quantity, and 
may therefore be obtained from the latter by Division. 

Hence if the price given be separated into parts, each of which is an ex- 
act part of some price, the cost at which is known, the costs at each of 
tliese may be found in succession by division, and their sum will be the 
total cost. Or if the quantity of goods given be separated into parts, each 
of which is an exact part of some quantity, the cost of which is known, 
the costs of each of these may be found by division, and their sum will be 
the total cost On these principles the Rules for the two cases in Practice 
are founded. 

Note to the observations in page 10 of the * Practice.* 

1. It is axiomatical that every even number is divisible by 2. 

2. Since any number of hundreds is divisible by 4, therefore any num- 
ber is divisible by 4, in which the number composed of the last two digits 
is divisible by 4. Thus 1964 is divisible by 4, because 1200, uid 64, are 
each so divisible. 

3. Since any number of thousands is divisible by 8, therefore any num- 
ber is divisible by 8, in which the number composed of the last S digits is 
divisible by 8. Thus 10512 is divisible by 8, because 10000, and 512, are 
each so divisible. 

4. The truth of Obs. 4 is evident. 

5. Any number of tens is divisible by 6, and 5 is divisible by 5, therefore 
any number ending with 5 is evidently divisible by 5. 

6. Since 10 = 9 -f 1, 100 = 99 -f 1, 1000 = 999 4-1, &c. therefore 
any number as 6564 may be put into this form : — 

6x999 4.64.5x99-f6-f6X9-f6-f4 
or (6 X 999 -f 5 X 99 -f 6 X 9) + (6 + 5 -f 6 -f 4) 
of which the first part is divisible by 3 and by 9 ; therefore, if the latter part 
be divisible also by 3 and by 9, the whole number will be so. 

7. Since 10 = 11- 1; 100 = 99-1-1; 1000 = 1001 — 1; 10000 = 9999 
-1- 1, &c. therefore any number as 57694 may be put into this form :— 

S 
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5X9999+5+7X1001-7 + 6X99 + 6 + 9X11 — 9 + 4 
or(5X9999+7Xl001 + 6x99+9Xll) + { (5 + 6 + 4) — (7 + 9)} 
of which the first part is divisible by 11 ; therefore if the latter part (which 
18 the difierence of the sums of the digits in the odd and even places) he also 
divisible hy 11, the whole numher will he so. 

Note to Prop. 4. 

It is important to observe, that all conclusions respecting abstract num- 
hers are arrived at hy means of reasoning upon concrete numbers. For, 
abstract numbers being symbols of an operation, viz. — repetition, we have 
no means of ascertaining the equivalence of two or more operations, except 
by considering their effect upon some concrete quantity. Thus because 
we find that 2 articles added to 3 articles produce 5 articles, we condude, 
therefore, that the aggregate result of the operations denoted by 2 and by 3 
is the same as that of the one operation denoted by 5, and consequently tbat 
the two operations 2 and 3 are together equivalent to the one 6. By this 
means it will be seen, that the Rule for Addition of numbers is obtained. 
For it being established, that the sum of several numbers of articles is tbe 
same as the sum of the smaller collections into which these may be formed, 
it is hence concluded that the operation, which is equivalent to the aggre- 
gate of several operations, is also equivalent to the aggregate of those to 
which the former are equivalent. 

The same remarks apply to the Rule of Subtraction. 

Note to Prop. 6. 

A product is defined to be the sum of several, tbe same numbers, and the 
operation, by which the product is obtained, is called Multiplication ; the 
number, which is repeated, being the multiplicand, that, which shows how 
<^en it is repeated, being the multiplier. Hence it is evident that the mul- 
tiplier is always an abstract number, but the multiplicand may be abstract 
or concrete. In the Prop, it is proved, that the repetition of three things 
4 times is the same as the repetition of four things 3 times, and hence it is 
concluded tbat 4 times 3 are equal to 3 times 4, and that the abstract num- 
bers in the multiplier and multiplicand may be interchanged. 

Note to Prop, 9. 

The Rule for Multiplication by a composite number might be deduced 
immediately from the nature of the product of two abstract numbers. 
Such a product is a number, representing an operation equivalent to the 
repetition of that denoted by the multiplicand, as often as there are units 
in the multiplier. Now an abstract number is the symbol of the operation 
of repetition, or multiplication ; therefore multiplication by a composite 
number is equivalent to the repetition of tbe multiplication by one fiustor, 



APPENDIX. 195 

as often m there are units in the other ; and the result may be obtained by 
SQOcessive multiplications by the factors. 

Note to Prop. 12. 

The first idea of Division is, that it is the operation of finding what is 
that number or quantity which, repeated a number of times equal to the 
diyisor, will produce the dividend. Hence the divisor must be abstract, the 
dividend either abstract or concrete. When the dividend is abstract, we 
majrput the definition into another form, and say that the object of Division 
ii to find the sjrmbol of the operation, which, repeated a number of times 
equal to the divisor, is equivalent to that denoted by the dividend. But 
aooe the repetition of the operation denoted by one number, as often as 
there are units in another, is equivalent to the successive performance of 
the operations denoted by the two numbers, therefore the object of Division 
might be defined to be, the finding the symbol of an operation, upon whose 
result if that denoted by the divisor be performed, a result will be obtained 
the same as by performing the operation denoted by the dividend. This is 
the view taken of Division in Prop. 35, 2nd case. 

Again, since 3 times 4 are equal to 4 times 3, therefore the symbol of the 
operation which, repeated 3 times, is equivalent to that denoted by 12, is the 
symbol of the number of times, which the operation denoted by 3 must be 
repeated to be equivalent to the same operation ; i.e. the third part of 12 is 
the number of times that 3 is contained in 12. Hence has arisen the ordi- 
nary definition of Division, as applied to abstract numbers ; which is the 
view taken of it in Prop. 35, 3rd case. 

Note to Prop, 26. 

In the 6th conclusion read " which 2 units are of 5 units." The 8th con- 
clusion follows from Prop. 35, 3rd case. 

Note to Prop. 27. 
This Prop, may be proved otherwise, thus: . ^ represents the opera- 
tions of Multiplication by a X <^i and Division by 6 X <? ; or of Multipli- 
cation bjT a and by c, and Division by h and by c. Now the order in which 
these operations are performed is a matter of indifierence ; therefore hav- 
ing multiplied by a and by c, let us divide by c ; we thus of course obtain 
the same result as by merely multiplying by a. We now have still to divide 

by 6: so that the operations denoted by T'zri are equivalent to those de- 
noted by -r-. 

Note to Prop. 29. 

The sum of a series of fractions, considered abstractedly, is the symbol 
of some operations, which are equivalent to those represented by the several 
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.fractions taken together. Now if all the (Tactions have the same denomi- 
nator, they iDdicate that the products of the quantity, upon which the oper- 
ations are supposed to he performed, hy each numerator, are all to he 
divided hy the same numher, and added; hut the sum of the quotients of 
several quantities is etjual to the quotient of the sum (Prop. 12); therefore 
the result may he obtained by adding the products, and dividing the sum hy 
the denominator ; or — since the sum of the products hy several numbers is 
equal to the product of their sum ( Prop. 8) — hy multiplying by the sum of 
the numerators, and dividing by the denominator. Hence the sum of 
several abstract fractions with the same denominator is equivalent to the 
fraction, whose numerator is the sum of the numerators, and denominator 
the common denominator. Therefore if fractions be brought to a common 
denominator, they may be readily added. 

In a similar manner the method of Subtraction of fraetioos may be 
explained. 

Note to Prop, 41. — To explain the abbreviated method of 

Multiplication of decimals. 

If it be required to find the product of two decimals correct only to a 
given number of figures, (for instance 6,) evidently there is no need to 
trouble ourselves with any more than 6 places of decimals in the partial 
products, if we can find these correctly, provided that we also know what 
is to be carried from the sum of the figures in the 7th place. 

Now a figure in the 6th place of decimals in any product may arise from 
the multiplication of a number of units, tens, &c. by a number in the 6tb, 
7th, &c. places respectively, or of a number in the 1st, 2Dd, &c. places by 
a number in the 5th, 4th, &c. places respectively, these products being 
increased by the numbers carried from previous multiplications. Hence 
if units, tens, &c. tenths, hundredths, &c. in the multiplicand be placed 
over figures in the 6th, 7th, &c. 5th, 4th, &c. places in the multiplier, each 
figure in the multiplier will stand under the first figure of the multiplicand, 
whose complete product is to form part of the total. But this arrangement 
exactly reverses the order of the figures of the multiplier, and places its 
units' figure under the last place of decimals of the multiplicand which is 
to be preserved, viz. the 6th. Hence the rule prescribes that this be done. 
This being done, the several products may be formed by multiplying by 
each figure of the multiplier, the figures of the multiplicand, as far as that 
which is over the particular multiplier being used. The first figures of 
these products being all in the 6th place of decimals (or in the last which 
is to be reserved), must all be ranged under each other for addition. But 
in order to obtain these first figures at all correctly, it will be necessary to 
commence each multiplication mentally with the figure to the right of the 
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maltiplier, so to find the number to be carried. At the same time an 
allowance may be made for the carriage from the sum of the figures in the 
7th place by carrying not the actual number, which appears due» but the 
nearest number of tens ; 1.6, if the product be between 6 and 15 carry 1, 
if between 15 and 25 carry 2, and so on. 

As an example, let the number 999.9 be multiplied by 99.9, according 
to the above Kule, so as to retain six places of decimals t-^ 

999.99999999 
999999 

89999.999999 = 90 times the mult^ — a number less than .000001 

8999.999999 = 9 — .000001 

899.999999 = ,9 — OOOOOl 

89.999999 = .09 -- ,., .000001 

8.999999 = .009 — OOOOOl 

.899999 = .0009 — OOOOOl 

99999.899994 = 99.9999 — 000009 



In this case, (which is an extreme one, all the figures being 9's) it appears 
that not one out of the six decimal figures is correct ; but at the same time 
it is seen that the product obtained differs from the true product by a num- 
ber less than .00001 ; so that even in this extreme case the error can- 
not be very great; and the error may be lessened by increasing the number 
of decimal places reserved. Thus if 6 decimal figures are required, and it 
be attempted to obtain 7, the error will be less than .000001. Of course 
the larger the quantities involved in a question, which are afiected by such 
products, the greater number of places should be reserved. 

Note to Prop, 42. — To explain the abbreviated method of 

Division of decimals, 

L Ltet d he & divisor, containing m ^ 1 digits, D a dividend : let 

D = N X 10™ -^^i n being the number composed of the last m digits 

inD: then 

D NX10°» n. 

d~ d d 

n 
and, as n is less than 10°*, and d is not less than 10°)>^is a proper fraction ; 

therefore the integral quotient of D by rf is the same as that of N X 10°» 
by rf. 

2. If a divisor contain q decimal places, and p be required in the 
quotient, the dividend must be made to have P'\-q decimal places ; and 
the figures of the quotient will then be found by dividing the dividend, so 
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far as the (p -|- g)th. decimal place, by the divisor, considered as whole 
numbers. 

3. Let now <f be the number composed of the figures of a divisor con- 
taining q, D that composed of those of a dividend containing ji -|- q^ deci- 
mal places ; let there be m -)- 1 digits in all in <^ : let D be divided hy dtJSl 
there remain to be found m figures of the quotient ; then the remainder^ 
from which these m figures have to be obtained, will be equal to ri X 10°* -f ih 
fi being less than d, and n less than 10^ . Then by (1) the quotient may 
be correctly found by dividing Vi X 10^ by d. 
Let d :=: \0 di-\>axi then 

fi X 10» ri X 10« - 1 fli Ti 
= X io« - » 

d di ddi 

or the quotient may be found by dividing ri X 10^^ ^ by di, the error being 

~-~- X 10™ " '• The first figure of this quotient will be obtained from 
d di 

the division of ri by dx ; let it be found, and let rg be the remainder: then 
^8 X ^^ " ' ^^ ^0 ^ divided by di : but, as before, it may be shown that 
the quotient of fa X 10™ — * by rfi may be found by dividing r^ X 10»-* 

by rfa (if rfi = 10 X rfa + aa),the error being j-~- X 10« - >. The first 

figure of this quotient will be found by dividing r^ by d^. In a similar 
manner it may be shown that ail the figures of the quotient may be ob- 
tained by rejecting, one by one, the figures of the divisor, and dividing the 
remainders by the other figures. 
The sum of the errors committed in this process is — 

-xio»-» + — xio°»-« + .... + 



ddi dida dm^i dm 

ax Afl &c. being the digits of the divisor ; ri r^ &c. being the successive 
remainders ; di d^ &c. the successive divisors. Now d, containing m 4" 1 
digits, is greater than W^ , and less than 10™ + 1> and d^ d^ &c., are respec- 
tively greater than 10 "» - >, 10« - « &c. and less than 10™ , lO™ — > &c 
Also Oi as &c., are all less than 10 ; r^ r^ &c., being respectively less than 
di dx &c. are less than lOB-t*!, 10^ &c. therefore each term of the above 
sum is less than 10' ; and the whole less than tn X 10'. Consequently the 

. ^, ^♦•1 ^v w»X10« ^, m 

error m the quotient is less than j^- — or , q^_^; 

By taking note of the rejected digits of the divisor in forming the anb- 
trahends, so as to obtain the first figures correct, the remainders ri, r^, &c. 
will be diminished, and the errors in consequence. Hence the Rule pre- 
scribed is evident 
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Note io Prop. 84. 

The only true principle, on which the equated time should be calculated, 
k, that the interest of the creditor and debtor shall appear both unaffected, 
«t whatever time they be considered. But if Simple Interest only be 
i^koned, we obtain a different Talue for the equated time, for every dif- 
ferent time, at which we view the subject, and different also according as 
we consider the position of the creditor or of the debtor, except we regard 
them at the present time. The formulae obtained are the following:— 

First by considering the position of the creditor. 

1. At the present time : — 

Si 02 S^ -^ Sj 

V = (A) 

l-J-rTi 1-frTa 

2. At the equated time :— 

rSi«-TO = : ; 1 '-^ (B) 

3. At the end of the transactions :~ 

t = (C) 

Si + Sa 

Secondly by considering the position of the debtor. 

1. At the present time: — 

rSi Ti rSaTa rCSi+So)/ 

1+rTi 1 + rTa"" l+r't 
which is obtainable from (A) 

2. At tiie equated time :— ^ 

1 — r Ti r Sa (Ta — t) 

f Si (* - Ti) X = --; (D) 

1 — r/ l + r(Ta — /) 

which is nearly the same as (B). 

3. At the end of the transactions: — 

( r (* - TO I r Sa Ta 
rSiTi -^1 + } +— -; = r(Si + Sa)/ (E) 

These formulae are calculated on the supposition that the debtor makes 
the best use of the money, the payment of which he is allowed to defer, 
putting it out to interest till it is required for payment, and then putting 
the acquired interest out again. Thus in fact Compound Interest is allowed 
to the debtor, while the creditor has only Simple Interest. If we suppose 
that the debtor, after having paid Si at time Ti , or Si -f- Ss at time t makes 
no use of his acquired interest, then formule (D) and (£) become the 



l+r< 




r S, (T, - 





I + r(T.- 


-<) 


Sx Ti + S, 


.T, 
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same as (B) and (C). Still we shall have 3 different values for the equated 
time ; and yet the principle on which each has been obtained is the same. 

I^ however, we allow Compound Interest, we shall find but one value, at 
whatever time we consider the subject, and whether we icgKtd the position 
of creditor or debtor. 

The formula obtained is 

Si « -rTx -J. Sg « -'Ta = (S^ + Sa) c -'* 

e being the base of the Napierian system of logarithms. If the second 
and higher powers of r be neglected, this formula, as all the others, gives 
that on which the rule is founded. 
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